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RESUMO
O lado escuro do universo e´ misterioso e sua natureza e´ ainda desconhecida. De
fato, isto talvez constitua o maior desafio da cosmologia moderna. As duas com-
ponentes do setor escuro (mate´ria escura e energia escura) correspondem hoje
a cerca de noventa e cinco por cento do universo. O candidato mais simples
para a energia energia e´ uma constante cosmolo´gica. Contudo, esta tentativa
apresenta uma enorme discrepaˆncia de 120 ordens de magnitude entre a predic¸a˜o
teo´rica e os dados observados. Tal disparidade motiva os f´ısicos a investigar
modelos mais sofisticados. Isto pode ser feito tanto buscando um entendimento
mais profundo de onde a constante cosmolo´gica vem, se deseja-se deriva´-la de
primeiros princ´ıpios, quanto considerando outras possibilidades para a expansa˜o
acelerada, tais como modificac¸o˜es da relatividade geral, campos de mate´ria adi-
cionais e assim por diante. Ainda considerando uma energia escura dinaˆmica,
pode existir a possibilidade de interac¸a˜o entre energia e mate´ria escuras, uma
vez que suas densidades sa˜o compara´veis e, dependendo do acoplamento usado,
a interac¸a˜o pode tambe´m aliviar a questa˜o de porqueˆ as densidades de mate´ria
e energia escura sa˜o da mesma ordem hoje. Modelos fenomenolo´gicos tem sido
amplamente estudados na literatura. Por outro lado, modelos de teoria de cam-
pos que visam uma descric¸a˜o consistente da interac¸a˜o energia escura/mate´ria
escura ainda sa˜o poucos. Nesta tese, no´s exploramos como candidato a` energia
escura um campo escalar ou vetorial em va´rias abordagens diferentes, levando
em conta uma poss´ıvel interac¸a˜o entre as duas componentes do setor escuro.
A tese e´ dividida em treˆs partes, que podem ser lidas independentemente. Na
primeira parte, no´s analisamos o comportamento asinto´tico de alguns modelos
cosmolo´gicos usando campos escalares ou vetorial como candidatos para a energia
escura, a` luz da teoria de sistemas dinaˆmicos. Na segunda parte, no´s usamos um
campo escalar em supergravidade para construir um modelo de energia escura
dinaˆmico e tambe´m para incorporar um modelo de energia escura hologra´fica
em supergravidade mı´nima. Finalmente, na terceira parte, no´s propomos um
modelo de energia escura metaesta´vel, no qual a energia escura e´ um campo
escalar com um potencial dado pela soma de auto-interac¸o˜es pares ate´ ordem
seis. No´s inserimos a energia escura metaesta´vel em um modelo SU(2)R escuro,
onde o dubleto de energia escura e o dubleto de mate´ria escura interagem nat-
uramente. Tal interac¸a˜o abre uma nova janela para investigar o setor escuro do
ponto-de-vista de f´ısica de part´ıculas. Esta tese e´ baseada nos seguintes artigos,
dispon´ıveis tambe´m no arXiv: 1611.00428, 1605.03550, 1509.04980, 1508.07248,
1507.00902 e 1505.03243. O autor tambe´m colaborou nos trabalhos: 1607.03506
e 1605.05264.
Palavras-chave: energia escura, mate´ria escura, teoria de sistemas dinaˆmicos,
f´ısica de part´ıculas, supergravidade
ABSTRACT
The dark side of the universe is mysterious and its nature is still unknown. In
fact, this poses perhaps as the biggest challenge in the modern cosmology. The
two components of the dark sector (dark matter and dark energy) correspond
today to around ninety five percent of the universe. The simplest dark energy
candidate is a cosmological constant. However, this attempt presents a huge
discrepancy of 120 orders of magnitude between the theoretical prediction and
the observed data. Such a huge disparity motivates physicists to look into a more
sophisticated models. This can be done either looking for a deeper understanding
of where the cosmological constant comes from, if one wants to derive it from
first principles, or considering other possibilities for accelerated expansion, such
as modifications of general relativity, additional matter fields and so on. Still
regarding a dynamical dark energy, there may exist a possibility of interaction
between dark energy and dark matter, since their densities are comparable and,
depending on the coupling used, the interaction can also alleviate the issue of why
dark energy and matter densities are of the same order today. Phenomenological
models have been widely explored in the literature. On the other hand, field
theory models that aim a consistent description of the dark energy/dark matter
interaction are still few. In this thesis, we explore either a scalar or a vector field
as a dark energy candidate in several different approaches, taking into account a
possible interaction between the two components of the dark sector. The thesis
is divided in three parts, which can be read independently of each other. In
the first part, we analyze the asymptotic behavior of some cosmological models
using either scalar or vector fields as dark energy candidates, in the light of
the dynamical system theory. In the second part, we use a scalar field in the
supergravity framework to build a model of dynamical dark energy and also to
embed a holographic dark energy model into minimal supergravity. Finally, in
the third part, we propose a model of metastable dark energy, in which the dark
energy is a scalar field with a potential given by the sum of even self-interactions
up to order six. We insert the metastable dark energy into a dark SU(2)R model,
where the dark energy doublet and the dark matter doublet naturally interact
with each other. Such an interaction opens a new window to investigate the
dark sector from the point-of-view of particle physics. This thesis is based on the
following papers, available also in the arXiv: 1611.00428, 1605.03550, 1509.04980,
1508.07248, 1507.00902 and 1505.03243. The author also collaborated in the
works 1607.03506 and 1605.05264.
Keywords: dark energy, dark matter, dynamical system theory, particle physics,
supergravity
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Chapter 1
Introduction
Our universe is approximately 13.8 billion years old. Human beings have been interested
in astronomy and cosmology since the ancient times, however, modern cosmology started
around a century ago. According to the modern classification, all components of the universe
can be classified in three main categories: dark energy, matter and radiation. However, we do
not know yet what dark energy and the majority of matter are, thus the full understanding
of the universe is still not achieved. Observations of Type IA Supernovae indicate that the
universe undergoes an accelerated expansion [1,2], which is dominant at present times and the
driving force sustaining the acceleration arises from some kind of dark energy corresponding
to ∼ 68% of all components of the universe [3].
In addition to baryonic matter,1 which forms galaxies and other astrophysical objects,
the remaining 27% of the universe is an unknown form of matter that interacts in principle
only gravitationally and it is known as dark matter. The nature of the dark sector is still
mysterious and it is one of the biggest challenges in the modern cosmology. The simplest
dark-energy candidate is the cosmological constant. This attempt, however, suffers from the
so-called cosmological constant problem [4], a huge discrepancy of 120 orders of magnitude
between the theoretical prediction and the observed data. Such a huge disparity motivates
physicists to look into a more sophisticated models. This can be done either looking for a
deeper understanding of where the cosmological constant comes from, if one wants to derive
it from first principles, or considering other possibilities for accelerated expansion, such as
modifications of general relativity (GR), additional matter fields and so on (see [5–10]).
Among a wide range of alternatives, a scalar field is a viable candidate to be used with
a broad range of forms of the potentials. Its usage includes the canonical scalar field, called
‘quintessence’ [11–15], and the scalar field with the opposite-sign in the kinetic term, known
as ‘phantom’ [16, 17]. One of the first proposals for scalar potential was the inverse power-
law. Although non-renormalizable, such a potential has the remarkable property that it leads
to the attractor-like behavior for the equation of state and density parameter of the dark
energy, which are nearly constants for a wide range of initial conditions, thus alleviating
the so-called ‘coincidence problem’ [18, 19].2 Beyond the real scalar field case, a complex
quintessence was also used in [20] to account for the acceleration of the universe. The U(1)
symmetry associated with this complex scalar leads to a more sophisticated structure for
the dark sector, and unless the Standard Model of particle physics is a very special case in
1The term ‘baryonic’ is deceptive because it includes all non-relativistic particles of the standard model,
such as baryons, which are made up three quarks, mesons, which are composed of one quark and one anti-
quark and electrons, for instance, which are leptons.
2 This problem arises because there is no apparent reason for the dark energy and matter densities to be
of the same order today.
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the nature, there is no reason (apart from simplicity) not to consider a richer physics of the
dark sector.3
Scalar fields also appear in supersymmetric theories, such as the supersymmetric version
of GR, known as supergravity. Since supergravity is also the low-energy limit of the super-
string theory, it is a natural option to investigate if it can furnish a model that describes
the accelerated expansion of the universe, where the scalar field plays the role of the dark
energy. In the framework of minimal supergravity, Refs. [22, 23] were first the attempts to
describe dark energy through quintessence.
Another dark energy candidate is a spin-1 particle, described by a vector field. To be
consistent with the homogeneity and isotropy of the universe there should be three identical
copies of the vector field, each one with the same magnitude and pointing in mutually orthog-
onal directions. They are called cosmic triad and were proposed in [24]. Other possibilities
of vector dark energy are shown in [25–30].
Still regarding a dynamical dark energy, there may exist a possibility of interaction
between dark energy and dark matter [31, 32], since their densities are comparable and,
depending on the coupling used, the interaction can also alleviate the coincidence problem
[33, 34]. Phenomenological models have been widely explored in the literature [7, 32, 35–
48]. On the other hand, field theory models that aim a consistent description of the dark
energy/dark matter interaction are still few [49–52].
In order to have a first idea whether a specific dark energy candidate is good enough to
describe the current accelerated expansion of the universe or not, the dark energy candidate
can be considered in the presence of a barotropic fluid. Thus, the relevant evolution equations
are converted into an autonomous system and the asymptotic states of the cosmological
models are analyzed. It has been done for uncoupled dark energy (quintessence, tachyon
field and phantom field for instance [53–58]) and coupled dark energy [32, 39, 59–64], but it
remained to be done for a vector-like dark energy, whose interesting properties were explored
in [24]. Furthermore, since a complex scalar field and coupled dark energy are generalizations
of the real field and the uncoupled case, respectively, we aimed to extend the analysis for
both possibilities together. We will explore these models in chapter 3, in the light of the
linear dynamical systems theory.
In chapter 4 we also use a complex scalar field as the starting point for another dark energy
model, based on supergravity. In the same chapter we explore as well the relation between
scalar fields and an attempt to explain the acceleration from the holographic principle. In
this latter model we embedded a holographic dark energy model into minimal supergravity.
In chapter 5 we explore another possibility of scalar field as a dark energy candidate.
We propose a model of metastable dark energy, in which the dark energy is a scalar field
with a potential given by the sum of even self-interactions up to order six. The parameters
of the model can be adjusted in such a way that the difference between the energy of the
true vacuum and the energy of the false one is the observed vacuum energy (10−47 GeV4).
Different models of false vacuum decay are found in [50, 65, 66]. A different mechanism of
metastable dark energy (although with same name) appeared recently in the literature [67].
In the same chapter, a dark SU(2)R model is presented, where the dark energy doublet and
the dark matter doublet naturally interact with each other. Such an interaction opens a new
window to investigate the dark sector from the point-of-view of particle physics. Models
with SU(2)R symmetry are well-known in the literature as extensions of the standard model
introducing the so-called left-right symmetric models [68–72]. Recently, dark matter has also
been taken into account [73–80]. However, there is no similar effort to insert dark energy
3 A current example of a vector field that perhaps interacts with dark matter is the so-called ‘dark photon’
(see [21] for a quick review).
3in a model of particle physics. We begin to attack this issue in chapter 5, with the dark
SU(2)R model.
Conclusions are presented in chapter 6. This thesis is based on our papers [62,63,81–84],
combined in chapters 3, 4 and 5. The author also collaborated in the works [48, 85]. The
former in presented in further detail in [86] while the latter is a work in progress. We use
Planck units ~ = c = 8piG = kB = 1 throughout the thesis, unless where is explicitly written.

Chapter 2
Modern Cosmology
In this chapter we review the necessary content on cosmology that will be used in the
rest of the thesis. It is based on [87–89], excepting the scattering amplitude in Sect. 2.5.4,
which we have calculated.
The universe seems to be homogeneous and isotropic (one part in about 10−5) when
viewed at sufficient large scales. These observational evidences have been stated through the
so-called ‘cosmological principle’.
The assumption of homogeneity and isotropy leads to the unique metric (up to a coor-
dinate transformation) that represents a spherically symmetric and isotropic universe to a
set of freely falling observers [90]. This is now known as Friedmann–Lemaˆıtre–Robertson–
Walker (FLRW) metric [91–96] and is given by
ds2 = −dt2 + a(t)2
[
dr2
1−Kr2 + r
2dθ2 + r2 sin2 θdφ2
]
, (2.1)
where a(t) is the scale factor, set to be one today (a0 = 1). K is the curvature and describes
a spherical (K = +1), hyperspherical (K = −1) or Euclidean (K = 0) universe.
2.1 Einstein equations from the action
We start with the Einstein-Hilbert action to get the Einstein equations. The action is
SEH =
∫ √−gR d4x . (2.2)
Variation with respect to the metric yields
δSEH =
∫
δ(
√−gR) d4x =
∫
(Rδ
√−g +√−gRµνδgµν +
√−ggµνδRµν) d4x (2.3)
where we evaluate separately each one of the three terms above. The Ricci tensor is given
by
Rλµλν =
∂Γλµλ
∂xν
− ∂Γ
λ
µν
∂xλ
+ ΓηµλΓ
λ
νη − ΓηµνΓλλη , (2.4)
where
Γλµν =
1
2
gλρ
(
∂gρµ
∂xν
+
∂gρν
∂xµ
− ∂gµν
∂xρ
)
(2.5)
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is the Levi-Civita connection.1 The change in the Ricci tensor is
δRλµλν =
∂δΓλµλ
∂xν
− ∂δΓ
λ
µν
∂xλ
+ δΓηµλΓ
λ
νη + Γ
η
µλδΓ
λ
νη − δΓηµνΓλλη − ΓηµνδΓλλη . (2.6)
Once δΓρνµ is the difference of two connections, it is a tensor and we can thus calculate
its covariant derivative
∇λ(δΓρνµ) =
∂δΓρνµ
∂xλ
+ ΓρλσδΓ
σ
νµ − ΓσλνδΓρσµ − ΓσλµδΓρνσ . (2.7)
Using Eq. (2.7) and doing the following two sets of substitutions in the equation above: 1)
ν → µ, µ→ λ, ρ→ λ, λ→ ν; 2) ν → µ, µ→ ν, λ→ λ, ρ→ λ, we have
δRλµλν = ∇νδΓλµλ −∇λδΓλµν . (2.8)
Therefore, the contribution of the third term in Eq. (2.3) is
(δSEH)3 =
∫ √−ggµνδRµν d4x = ∫ √−ggµν [∇νδΓλµλ −∇λδΓλµν] d4x ,
(δSEH)3 =
∫ √−g [∇ν(gµνδΓλµλ)−∇λ(gµνδΓλµν)] d4x , (2.9)
where we used ∇σgµν = 0. We have
Γλµλ =
1
2
gλρ
(
∂gρµ
∂xλ
+
∂gρλ
∂xµ
− ∂gµλ
∂xρ
)
=
1
2
gλρ
∂gρµ
∂xλ
, (2.10)
since the two last terms cancel each other (just change µ ↔ ρ). Now, using the following
relation for an arbitrary matrix M,
1
Det M
∂
∂xλ
(Det M) = Tr
(
M−1
∂
∂xλ
M
)
, (2.11)
and taking M to be gµν , so Det M = Det gµν = g, we have
gλρ
∂gρµ
∂xλ
=
1
g
∂g
∂xλ
. (2.12)
Then, using Eq. (2.12) in Eq. (2.5) we get
Γλµλ =
1
2g
∂g
∂xλ
=
1√−g
∂
√−g
∂xλ
. (2.13)
Furthermore, since
∇λV λ = ∂V
λ
∂xλ
+ ΓλµλV
µ , (2.14)
we use Eq. (2.13) in Eq. (2.14) and we get
∇λV λ = ∂V
λ
∂xλ
+
1√−g
∂
√−g
∂xλ
V µ =
1√−g
∂
∂xλ
(
√−gV µ) . (2.15)
Inserting Eq. (2.15) in Eq. (2.9) results
1Connections are objects used in forming covariant derivatives. The torsion (absent in GR) and the
Levi-Civita connection are parts of the affine connection.
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(δSEH)3 =
∫ [
∂
∂xν
(
√−ggµνδΓλµλ)−
∂
∂xλ
(
√−ggµνδΓλµν)
]
d4x = 0 , (2.16)
since each term in the integrand vanishes at infinity.
To evaluate the first term in Eq. (2.3) we consider again Eq. (2.11). We have
δg = g(gµνδgµν) . (2.17)
Furthermore, since
δ(gµνg
νσ) = δgµνg
νσ + gµνδg
νσ = δ(δσµ) = 0 , (2.18)
multiplying the equation above by gµρ yields
gµρδgµνg
νσ + gµρgµνδg
νσ = 0 ,
gµρgνσδgµν + g
ρ
νδ(g
ν
ρg
ρσ) = 0 ,
gµρgνσδgµν + g
ρ
νδg
ν
ρg
ρσ + gρνg
ν
ρδg
ρσ = 0 ,
gµρgνσδgµν + g
ρ
νδ(δ
ν
ρ)g
ρσ + gννδg
ρσ = 0 ,
δgρσ = −gµρgνσδgµν .
(2.19)
Using the equation above with ρ = ν and σ = µ we can write Eq. (2.17) as
δg = g(gµνδgµν) = −g(gµνδgµν) . (2.20)
Using Eq. (2.20) we write
δ
√−g = − 1
2
√−g δg =
g
2
√−g gµνδg
µν = −1
2
√−ggµνδgµν . (2.21)
Putting Eq. (2.21) in Eq. (2.3) yields
δSEH =
∫ (√−gRµνδgµν −R1
2
√−ggµνδgµν
)
d4x ,
δSEH =
∫ √−g(Rµν − 1
2
gµνR
)
δgµν d4x = 0 . (2.22)
Finally, as δSEH = 0 we should have
Rµν − 1
2
gµνR = 0 , (2.23)
which are the Einstein equations in vacuum. If matter fields are also present, the variation
of the correspondent action Sm due to these fields with respect to the metric gives the
energy-momentum tensor
Tµν = − 2√−g
δS
δgµν
, (2.24)
therefore, the Einstein equations are
Rµν − 1
2
gµνR = 8piGTµν . (2.25)
We are going to obtain now an important result from the Bianchi identities, namely, the
conservation of the energy-momentum tensor.
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2.1.1 The Bianchi identities
In order to get the Bianchi identities we use the Riemann tensor
Rλµνκ =
∂Γλµν
∂xκ
− ∂Γ
λ
µκ
∂xν
+ ΓηµνΓ
λ
κη − ΓηµκΓλνη , (2.26)
and the Levi-Civita connection (2.5). Adopting a locally inertial frame in which Γλµν (but
not its derivatives) is zero, the covariant derivative of the Riemann tensor is
Rλµνκ;σ =
∂
∂xσ
(
∂Γλµν
∂xκ
− ∂Γ
λ
µκ
∂xν
)
. (2.27)
Using Eq. (2.5) and deriving it we have
∂Γλµν
∂xκ
=
1
2
gλρ
(
∂2gρµ
∂xκ∂xν
+
∂2gρν
∂xκ∂xµ
− ∂
2gµν
∂xκ∂xρ
)
, (2.28)
where we used the fact that ∂g
λρ
∂xκ = 0. Thus
Rλµνκ =
1
2
gλρ
(
∂2gρµ
∂xκ∂xν
+
∂2gρν
∂xκ∂xµ
− ∂
2gµν
∂xκ∂xρ
− ∂
2gρµ
∂xν∂xκ
− ∂
2gρκ
∂xν∂xµ
+
∂2gµκ
∂xν∂xρ
)
,
=
1
2
gλρ
(
∂2gρν
∂xκ∂xµ
− ∂
2gµν
∂xκ∂xρ
− ∂
2gρκ
∂xν∂xµ
+
∂2gµκ
∂xν∂xρ
)
. (2.29)
But
gαλR
λ
µνκ = Rαµνκ =
1
2
δρα
(
∂2gρν
∂xκ∂xµ
− ∂
2gµν
∂xκ∂xρ
− ∂
2gρκ
∂xν∂xµ
+
∂2gµκ
∂xν∂xρ
)
, (2.30)
from where we get the result
Rαµνκ;σ =
1
2
∂
∂xσ
(
∂2gαν
∂xκ∂xµ
− ∂
2gµν
∂xκ∂xα
− ∂
2gακ
∂xν∂xµ
+
∂2gµκ
∂xν∂xα
)
. (2.31)
Writing the Eq. (2.31) with ν, κ and σ permuted cyclically we have
Rαµνκ;σ +Rαµσν;κ +Rαµκσ;ν =
1
2
∂
∂xσ
(gαν;κµ − gµν;κα − gακ;νµ + gµκ;να)+
1
2
∂
∂xκ
(gασ;νµ − gµσ;να − gαν;σµ + gµν;σα)+
1
2
∂
∂xν
(gακ;σµ − gµκ;σα − gασ;κµ + gµσ,κα) .
(2.32)
After applying the derivatives we get
Rαµνκ;σ +Rαµσν;κ +Rαµκσ;ν =
1
2
(gαν;σκµ − gµν;σκα − gακ;σνµ + gµκ;σνα+
gασ;κνµ − gµσ;κνα − gαν;κσµ + gµν;κσα+
gακ;νσµ − gµκ;νσα − gασ;νκµ + gµσ;νκα) .
(2.33)
The terms cancel in pairs, therefore
Rαµνκ;σ +Rαµσν;κ +Rαµκσ;ν = 0 , (2.34)
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which are known as the Bianchi identities.
Multiplying Eq. (2.34) by gαν and using the fact that the covariant derivative of the
metric is zero, we have
(gανRαµνκ);σ + (g
ανRαµσν);κ + (g
ανRαµκσ);ν = 0 , (2.35)
Rνµνκ;σ +R
ν
µσν;κ +R
ν
µκσ;ν = 0 , (2.36)
Rνµνκ;σ −Rνµνσ;κ +Rνµκσ;ν = 0 . (2.37)
Thus
Rµκ;σ −Rµσ;κ +Rνµκσ;ν = 0 . (2.38)
Contracting Eq. (2.38) once more yields
gµκ(Rµκ;σ −Rµσ;κ +Rνµκσ;ν) = 0 ,
Rκκ;σ −Rκσ;κ +Rκνκσ;ν = 0 ,
Rκκ;σ −Rκσ;κ −Rνκκσ;ν = 0 ,
(2.39)
thus,
R;σ − 2Rκσ;κ = 0 ,
Rµσ;µ −
1
2
δµσR;µ = 0 ,[
gνσRµσ −
1
2
gνσgµσR
]
;µ
= 0 .
(2.40)
We finally get [
Rµν − 1
2
gµνR
]
;µ
= 0 . (2.41)
This result shows that the covariant derivative of the left-hand side of Eq. (2.25) is null,
so it must be so for the right-hand side. Therefore
(Tµν);µ = 0 . (2.42)
The Bianchi identities in GR imply the conservation of the energy-momentum tensor.
2.2 Energy-momentum tensor of a perfect fluid
The energy-momentum tensor for a continuous distribution (dense collection) of particles
is given by
Tµν =
1
∆V4
∫
Tµνp dV =
1√−gd3xidx0
∫
∆V4
Tµνp
√−g d3xi dx0 , (2.43)
where
Tµνp =
1
d3xidx0
∑
a
pµapνa
p0a
δ(3)(x− x(a)) (2.44)
is the energy-momentum of a system of discrete particles. Using Eq. (2.44) into Eq. (2.43)
we have
Tµν =
1
d3xidx0
∑
a
pµapνa
p0a
∫
∆V4
δ(3)(x− x(a)) d3xi dx0 = 1
d3xi
∑
a
pµapνa
p0a
. (2.45)
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Considering the element µ = ν = 0 we have
T 00 =
1
d3xi
∑
a
p0a ≡ ρ , (2.46)
since p0a = E. For
T 0i =
1
d3xi
∑
a
pia , (2.47)
it should be zero due to isotropy, because otherwise it would have a preferable direction.
Considering now the spatial terms
T ij =
1
d3xi
∑
a
piap
j
a
p0a
, (2.48)
which once again is different from zero only for i = j, since the particles have isotropically
distributed velocities. The second term in the equation above is dimensionally equal to
pressure (where we considered c = 1), thus
T ij = δijp . (2.49)
We get the perfect fluid energy-momentum tensor for the rest frame
Tµν =

ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p
 . (2.50)
Improving this tensor for any frame we have
Tµν = (ρ+ p)UµUν + pgµν , (2.51)
which is properly reduced to Eq. (2.50) in the rest frame.
2.3 Continuity equation
The energy-momentum conservation (2.42) for a perfect fluid described by Eq. (2.50)
leads to the continuity equation
ρ˙+ 3H(ρ+ p) = 0 , (2.52)
where H = a˙/a. The equation above can be written as
a−3
d(ρa3)
dt
= −3Hp . (2.53)
Cosmological fluids are assumed to be barotropic, thus the energy density depends only
on pressure and is written as p = wρ, where w is called equation of state. For radiation, such
as photon and massless neutrinos, the equation of state is w = 1/3. This can be easily seen
because the energy-momentum tensor is traceless for theories that present the invariance of
the action under a Weyl transformation δgµν = Ω(x)gµν , then ρ = 3p. Ordinary matter and
the majority of dark matter (called ‘cold dark mater’ – CDM) are described by fluids which
2.4 Friedmann equations 11
are non-relativistic and therefore their pressure is very close to zero, hence w ≈ 0. For the
cases described in this paragraph, the continuity equation (2.52) has the following solutions
ρ ∝ a−4 for hot matter (or radiation) , (2.54)
ρ ∝ a−3 for cold matter (or dust) . (2.55)
Another case of interest is for a fluid that has negative pressure and equation of state
w = −1. It is known as ‘cosmological constant’ (Λ) or ‘vacuum energy’ and it has constant
energy density ρ. Alternatives to this fluid will be presented as candidates to explain the
current acceleration of the universe.
2.3.1 Interacting dark energy
We assume that dark energy is coupled with dark matter, in such a way that total
energy-momentum is still conserved. In the flat FLRW background with a scale factor a,
the continuity equations for both components and for radiation are [32]
˙ρde + 3H(ρde + pde) = −Q , (2.56)
˙ρm + 3Hρm = Q , (2.57)
ρ˙r + 4Hρr = 0 , (2.58)
respectively, where H = a˙/a is the Hubble rate, Q is the coupling and the dot is a derivative
with respect to the cosmic time t. The indices de, m and r stand for dark energy, dark matter
and radiation, respectively. The case of Q > 0 corresponds to a dark-energy transformation
into dark matter, while Q < 0 is the transformation in the opposite direction. In principle,
the coupling can depend on several variables Q = Q(ρm, ρφ, φ˙,H, t, . . . ), but assuming it is
a small quantity, the interaction term can be written as a Taylor expansion, giving rise to
three kernels, for instance: (i) Q ∝ HρM , (ii) Q ∝ HρD and (iii) Q ∝ H(ρM + ρD). In the
next chapters we will explore the interacting dark energy.
2.4 Friedmann equations
The FLRW metric (2.1) is written in a matrix form as
gµν =

−1 0 0 0
0 a
2(t)
1+ΩkH
2
0r
2 0 0
0 0 a2(t)r2 0
0 0 0 a2(t)r2 sin2 θ
 . (2.59)
The Christoffel symbols (2.5) for λ = i, µ = 0 and ν = j are
Γi0j =
1
2
gii(gi0,j + gij,0 − g0j,i) , (2.60)
where the first and last terms are zero. Thus
Γi0j = δij
a˙(t)
a(t)
= δijH . (2.61)
It is easy to see that if j = 0 in Eq. (2.60) Γ would be zero. For λ = 0, µ = i and ν = j we
have
Γ0ij =
1
2
g00(g0i,j + g0j,i − gij,0) , (2.62)
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where the first and second terms are zero. Thus
Γ0ij =
a˙(t)
a(t)
gij = Hgij . (2.63)
From Eq. (2.62) we see that if i = 0 and/or j = 0, Γ would be zero. For λ = i, µ = j and
ν = k we have
Γijk =
1
2
gil(glj,k + glk,j − gjk,l) . (2.64)
We first calculate R00
R00 = Γ
λ
00,λ − Γλ0λ,0 + Γη00Γλλη − Γη0λΓλ0η . (2.65)
The first and the third terms are zero, since there is no Γ00 and η = λ. Thus
R00 = −δij
a¨
a
+ δij
a˙2
a2
− δij
(
a˙
a
)2
= −3 a¨
a
, (2.66)
For Rij we have
Rij = Γ
λ
ij,λ − Γλiλ,j + ΓηijΓλλη − ΓηjλΓλiη . (2.67)
Evaluating the Christoffel symbols we have
Γijk =
1
2
gil(glj,k + glk,j − gjk,l) , (2.68)
where we can see that Γ is zero if i 6= j 6= k. We get
Rij = gij
(
a¨
a
+ 2H2 − 2ΩkH
2
0
a2
)
. (2.69)
The Ricci scalar is
R = gµνRµν = g
00R00 + g
ijRij = 3
a¨
a
+ 3
[
a¨
a
+ 2H2 − 2ΩkH
2
0
a2
]
, (2.70)
therefore
R = 6
[
a¨
a
+H2 − ΩkH
2
0
a2
]
. (2.71)
The time-time component of Einstein equations are
R00 − 1
2
g00R = 8piGT00 , (2.72)
and using Eqs. (2.66) and (2.71) we get
H2 =
8piGρ
3
+
ΩkH
2
0
a2
,
=
8piG
3
[
ρ+
Ωkρcr
a2
]
, (2.73)
where we used H20 = 8piGρcr/3 and ρcr is the critical density. This is known as the first
Friedmann equation. The spatial components of the Einstein equations is
Rij − 1
2
gijR = 8piGTij (2.74)
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and using Eq. (2.73) they lead to the second Friedmann equation
a¨
a
= −4piG
3
(ρ+ 3p) . (2.75)
The accelerated expansion occurs for ρ + 3p < 0. For a barotropic fluid (p = wρ) the
accelerated expansion occurs for w < −1/3.
Observations show that the universe is close to spatially flat geometry (|Ωk| < 0.005) [97],
so the curvature will be ignored in the rest of the thesis.
For non-relativistic matter ρm = ρm0a
−3 (with a0 = 1) and the solution of Eq. (2.73) for
zero curvature is
a ∝ t2/3 , (2.76)
thus the Hubble parameter becomes
H =
2
3t
. (2.77)
For relativistic matter ρr = ρr0a
−4 (with a0 = 1) and the solution of Eq. (2.73) for zero
curvature is
a ∝ t1/2 , (2.78)
and the Hubble parameter is given by
H =
1
2t
. (2.79)
Since for the vacuum energy ρΛ is constant, as so H, the solution of Eq. (2.73) for this
case is
a ∝ exp(Ht) . (2.80)
More generally, for a mixture of vacuum energy and relativistic and non-relativistic
matter, as fractions of the critical density ρcr0, we have
ρ =
3H20
8piG
[
ΩΛ + Ωm
(a0
a
)3
+ Ωr
(a0
a
)4]
, (2.81)
where the quantity Ωi is called density parameter and it is defined as
Ωi =
ρi0
ρcr0
. (2.82)
The first Friedmann equation is written in terms of the density parameters as
ΩΛ + Ωr + Ωm = 1 . (2.83)
2.5 Beyond thermal equilibrium
The temperature of the universe is usually taken as the cosmic microwave background
(CMB) temperature. The CMB are microwave photons that have today a temperature of
2.75 K. Besides photons, radiation is composed also by the three neutrinos species with
a temperature of 1.96 K. Although massive, their masses are supposed to be of the order
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of a electron-volt and can be regarded as relativistic. The early universe was to a good
approximation in thermal equilibrium, thus there should have been other relativistic particles
present, with comparable abundances.
The general relativistic expression for the energy-momentum tensor in terms of the dis-
tribution functions fi(~p, t) is given by
Tµν = gi
∫
dP1dP2dP3
(2pi)3
√−g
PµPν
P 0
fi(~p, t) , (2.84)
where gi is the number of spin states for species i or species in kinetic equilibrium, P
µ is the
four-momentum and fi(~p, t) is given by
fi(~p, t) =
1
e(E−µ)/T ± 1 , (2.85)
where +1 is for the Fermi-Dirac distribution and −1 for the Bose-Einstein distribution.
The time-time component of Eq. (2.84) is
T 00 ≡ ρi = gi
∫
dP1dP2dP3
(2pi)3
√−g P
0fi(~p, t) . (2.86)
Since for the flat FLRW the determinant of the metric is −a(t)6 and p2 = gijPiPj =
a−2(t)δijPiPj , we have pi = Pi/a(t), therefore dP1dP2dP3 = a3(t)d3p. In this case we
get
T 00 = gi
∫
a3(t)d3p
(2pi)3a3(t)
P 0fi(~p, t) . (2.87)
Moreover, the on-shell condition gives
P 2 = −m2 = gµνPµP ν = g00P 0P 0 + gijP iP j = −(P 0)2 + p2 ,
P 0 =
√
m2 + p2 = E . (2.88)
Hence
ρ = gi
∫
d3p
(2pi)3
E(p)fi(~p, t) . (2.89)
Similar reasoning can be done to express the pressure P as an integral over the distribu-
tion function
Pi = gi
∫
d3p
(2pi)3
p2
3E(p)
fi(~p, t) . (2.90)
The density number ni is defined in terms of the distribution function as
ni = gi
∫
d3p
(2pi)3
1
e
√
p2+m2/T ± 1
. (2.91)
The Maxwell-Boltzmann distribution does not have the 1 in the denominator. We will
compute the equilibrium number density (i.e. with zero chemical potential) of a relativistic
and non-relativistic species. Considering first the non-relativistic limit (m T ), we expand
in Taylor series
√
p2 +m2/T which yields√
p2 +m2
T
≈ m
T
+
p2
2mT
, (2.92)
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where we kept only terms in first order of m. Then Eq. (2.91) yields
ni dust = gi
∫
d3p
(2pi)3
1
e
(
m+ p
2
2m
)
/T
=
e−m/T
pi2
∫ ∞
0
p2e−
p2
2mT dp , (2.93)
where we neglected ±1 because of the high m/T limit. Then, the three distributions are
equal for this limit,
ni dust =gi
e−m/T
2pi2
∫ ∞
0
p2e−
p2
2mT dp = gi
e−m/T
2pi2
√
(2mT )3pi
16
=gie
−m/T
(
mT
2pi
)3/2
. (2.94)
Now, considering the relativistic limit (m T ), Eq. (2.91) becomes
ni rad =
gi
2pi2
∫ ∞
0
p2
ep/T ± 1 dp . (2.95)
The Maxwell-Boltzmann distribution for this case is
ni rad MB =
gi
2pi2
∫ ∞
0
p2e−p/T dp
=
giT
3
pi2
, (2.96)
where an integration by parts was performed. For Fermi-Dirac distribution, using the Rie-
mann zeta function ζ(s).2
ni rad FD =gi
1
2pi2
∫ ∞
0
p2
ep/T + 1
dp = gi
T 3
2pi2
(1− 2−2)ζ(3)Γ(3)
=gi
3ζ(3)
4pi2
T 3 . (2.97)
For the Bose-Einstein distribution
ni rad BE =
gi
2pi2
∫ ∞
0
p2
ep/T − 1 dp
=
giζ(3)
pi2
T 3 . (2.98)
Similar calculations can be done for ρ and P in both limits. The results are
• non-relativistic limit (m T )
ρ =mn , (2.99)
n =ge−m/T
(
mT
2pi
)3/2
, (2.100)
P =nT  ρ . (2.101)
2ζ(s) = [(1− 21−s)Γ(s)]−1 ∫∞
0
xs−1
ex+1
dx = Γ(s)−1
∫∞
0
xs−1
ex−1 dx.
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• relativistic limit (m T )
ρ =
pi2
30
gT 4 Bose-Einstein (2.102)
ρ =
7
8
pi2
30
gT 4 Fermi-Dirac (2.103)
n =
ζ(3)
pi2
gT 3 Bose-Einstein (2.104)
n =
3
4
ζ(3)
pi2
gT 3 Fermi-Dirac (2.105)
P =
ρ
3
. (2.106)
2.5.1 The Boltzmann equation
The constituents of the universe remained in thermal equilibrium until the expansion
rate (H) becomes roughly of the same order of the interaction rate (Γ) of the particle
species. Then, when Γ . H, the particle species decouples and it evolves independently
of the thermal bath. The out-of-equilibrium phenomena played an essential role in three
important production processes: i) the formation of the light elements during Big Bang
Nucleosynthesis (BBN); (ii) recombination of electrons and protons into neutral hydrogen
when the temperature was of order 1/4 eV; and possibly in (iii) production of dark matter
in the early universe.
To analyze the abundances of such elements we should use the Boltzmann equation,
which can be written as
Lˆ[f ] = C[f ] , (2.107)
where C is the collision operator and Lˆ is the Liouville operator, which in turn, has the
covariant, relativistic form given by
Lˆ = Pα
∂
∂xα
− ΓαβγP βP γ
∂
∂Pα
. (2.108)
For the FLRW metric and with the definition of number density (2.91) we can integrate
the Boltzmann equation in the phase space. Since the distribution function depends only
on the energy (or on the magnitude of the three momentum), because the FLRW metric
describes a homogeneous and isotropic universe, its spatial derivatives and three momentum
derivatives vanish. Using Eqs. (2.61), (2.63) and (2.108), Eq. (2.107) gives
E
∂f
∂t
−Hp2 ∂f
∂E
= C[f ] . (2.109)
We multiply both sides of Eq. (2.109) by the phase space volume d3p/(2pi)3 and integrate,
which leads to
∂
∂t
∫
d3p
(2pi)3
f −H
∫
d3p
(2pi)3
p2
E
∂f
∂E
=
∫
d3p
(2pi)3
C[f ]
E
. (2.110)
The second term can be simplified if we use EdE = pdp, which comes from E2 = p2 +m2.
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Thus p
2
E
∂f
∂E = p
∂f
∂p and the integral becomes∫
d3p
(2pi)3
p2
E
∂f
∂E
=
∫
d3p
(2pi)3
p
∂f
∂p
=
∫ ∞
0
4pi
(2pi)3
p3dp
∂f
∂p
= −3 4pi
(2pi)3
∫ ∞
0
p2dpf
= −3n , (2.111)
where in the third line we performed an integration by parts and used the definition of
number density (2.91). Therefore, the Eq. (2.110) becomes
∂n
∂t
+ 3Hn =
∫
d3p
(2pi)3
C[f ]
E
, (2.112)
which in turn can be written as
a−3
d(na3)
dt
=
∫
d3p
(2pi)3
C[f ]
E
. (2.113)
The collision term for the process 1 + 2↔ 3 + 4 is
1
(2pi)3
∫
C[f ]
E1
d3p1 =
∫
d3p1
(2pi)32E1
∫
d3p2
(2pi)32E2
∫
d3p3
(2pi)32E3
∫
d3p4
(2pi)32E4
× (2pi)4δ3(p1 + p2 − p3 − p4)δ(E1 + E2 − E3 − E4) |M|2
× [f3f4(1± f1)(1± f2)− f1f2(1± f3)(1± f4)] , (2.114)
where the plus sign is for bosons and the minus sign for fermions. In the absence of Bose
condensation and Fermi degeneracy, the blocking and stimulated factors can be ignored
1 ± f ≈ f and f = exp[−(E − µ)/T for all species in kinetic equilibrium. Using the Eqs.
(2.94) and (2.96) as the definition of the equilibrium number density of the i species, we can
rewrite eµi/T as ni/n
(0)
i , thus the Eq. (2.114) becomes
〈σv〉 ≡
∫
C[f ]
(2pi)3E1
d3p1 =
1
n
(0)
1 n
(0)
2
∫
d3p1
(2pi)32E1
∫
d3p2
(2pi)32E2
∫
d3p3
(2pi)32E3
∫
d3p4
(2pi)32E4
× e− (E1+E2)T (2pi)4δ3(p1 + p2 − p3 − p4)δ(E1 + E2 − E3 − E4) |M|2 . (2.115)
Then, the Boltzmann equation becomes
a−3
d(n1a
3)
dt
= n
(0)
1 n
(0)
2 〈σv〉
(
n3n4
n
(0)
3 n
(0)
4
− n1n2
n
(0)
1 n
(0)
2
)
. (2.116)
Unless 〈σv〉 = 0, the equilibrium is maintained when
n3n4
n
(0)
3 n
(0)
4
=
n1n2
n
(0)
1 n
(0)
2
. (2.117)
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2.5.2 Big Bang Nucleosynthesis
Nuleosynthesis occurred during the first minutes of the universe, when the temperature
was around 1 MeV. The first nucleus that was produced was the hydrogen, followed by
helium and a small amount of lithium, and their isotopes: deuterium, tritium, and helium-3.
A nucleus with Z protons and A− Z neutrons has a slightly different mass compared with
the sum of the masses of the individual particles. This difference is the binding energy,
defined as
B ≡ Zmp + (A− Z)mn −m , (2.118)
where m is the nucleus mass. Due to a lack of tightly bound isotopes at an atomic number
between five and eight and the low baryon number, there are no heavier nuclei produced
in the early universe. Deuterium is produced through the process p + n → D + γ and two
deuterium form helium-3 plus one neutron. Finally, helium-3 and one deuterium produce
helium and one proton.
First, let’s consider the deuterium production, where the equilibrium condition (2.117)
gives
nD
npnn
=
n
(0)
D
n
(0)
p n
(0)
n
, (2.119)
since nγ = n
(0)
γ . From Eq. (2.94) we have
nD
npnn
=
3
4
(
2pimD
mnmpT
)3/2
e(mn+mp−mD)/T , (2.120)
where the spin states are 3 for D and 2 each for p and n. We can set mD = 2mp = 2mn in
the prefactor but not in the exponential because it contains the binding energy of deuterium
(BD = 2.2 MeV). Thus
nD
npnn
=
3
4
(
4pi
mpT
)3/2
eBD/T . (2.121)
The equation above can be written in terms of the baryon-to-photon ratio (ηb ≡ nb/nγ).
Once np ∼ nn ∼ nb and using Eq. (2.104) we have
nD
nb
∼ ηb
(
T
mp
)3/2
eBD/T . (2.122)
The exponential is not too large because of BD and ηb ∼ 10−10 when the universe had
a temperature of about MeV. Therefore, the small baryon-to-photon ratio inhibits nuclei
production until the temperature drops below the nuclear binding energy.
At the temperature of ∼ 1 MeV protons, electrons and positrons are in equilibrium.
Protons can be converted into neutrons via weak interactions, such as p+ e− → n+ νe, for
instance. Since protons and neutrons have approximately the same mass, from Eq. (2.94)
we have (mp/mn)
3/2 ≈ 1 and the ratio n(0)p /n(0)n is
n
(0)
p
n
(0)
n
= eQ/T , (2.123)
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with Q ≡ mn−mp = 1.293 MeV. At high temperature there are as many neutrons as protons
and as the temperature decreases to 1 MeV the neutron fraction goes down. It is convenient
to define the ratio of neutrons to total nuclei
Xn ≡ nn
nn + np
, (2.124)
where in equilibrium
XEQn =
1
1 + n
(0)
p /n
(0)
n
. (2.125)
Using Eqs. (2.124) and (2.123) the Boltzmann equation for the process p+ e− → n+ νe
(where the leptons are in complete equilibrium nl = n
(0)
l ) becomes
dXn
dt
= λnp
[
(1−Xn)e−Q/T −Xn
]
, (2.126)
where
λnp = n
(0)
νe 〈σv〉 = n(0)νe
1
n
(0)
n n
(0)
νe
∫
d3pn
(2pi)32En
∫
d3pν
(2pi)32Eν
∫
d3pp
(2pi)32Ep
∫
d3pe
(2pi)32Ee
× e−(En+Eν)T (2pi)4δ3(pn + pν − pp − pe)δ(En + Eν − Ep − Ee) |M|2 .
(2.127)
In Eq. (2.127) we consider the non-relativistic limit for both protons and neutrons, so
we have Eν = pν , Ee = pe, Ep = mp + p
2/2mp and En = mn + p
2/2mn. Performing the
integral first over pp, we have
λnp =
1
n
(0)
n
∫
d3pn
(2pi)64EnEp
∫
d3pν
(2pi)32pν
∫
d3pe
(2pi)32pe
e−
(En+pν )
T
× (2pi)4δ(mn + pν −mp − pe) |M|2 , (2.128)
since pp ≈ pn. Considering mp ≈ mn, the product of the proton energy by the neutron
energy yields EnEp = (mp + p
2/2mp)(mn + p
2/2mn) ≈ m2, since m2  2p2 + p4/m2. Thus
Eq. (2.128) becomes
λnp =
1
n
(0)
n
4pie−m/T
∫ ∞
0
p2e−
p2
2mT dp
(2pi)24m2
∫
d3pνe
−pν/T
(2pi)32pν
∫
d3pe
(2pi)32pe
× δ(Q+ pν − pe) |M|2
=
(
2pi
mT
)3/2 1
4m2pign
(pi)1/2(2mT )3/2
∫
d3pνe
−pν/T
(2pi)32pν
∫
d3pe
(2pi)32pe
× δ(Q+ pν − pe) |M|2 . (2.129)
Therefore, for gn = 2,
λnp =
pi
4m2
∫
d3pν
(2pi)32pν
e−pν/T
∫
d3pe
(2pi)32pe
δ(Q+ pν − pe) |M|2 . (2.130)
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Evaluating Eq. (2.130) with |M|2 = 32G2F (1 + 3g2A)m2ppνpe where gA is the axial-vector
coupling of the nucleon and GF is the Fermi constant, we have
λnp = 2
pi
4m2
4pi
∫ ∞
0
p2νdpν
(2pi)32pν
e−pν/T 4pi
∫ ∞
0
p2edpe
(2pi)32pe
δ(Q+ pν − pe)
× 32G2F (1 + 3g2A)m2ppνpe
= 2
(2pi)3
4m2(2pi)6
∫ ∞
0
p2νdpνe
−pν/T
∫ ∞
0
p2edpeδ(Q+ pν − pe)
32m2p2pi
3
τnλ0m5e
=
4
τnλ0m5e
∫ ∞
0
1
2
(Q+ pν)2p2νdpνe−pν/T
=
2
τnλ0m5e
∫ ∞
0
(p4ν + 2Qp3ν +Q2p2ν)dpνe−pν/T
=
2
τnλ0m5e
(24T 5 + 2Q6T 4 +Q22T 2) , (2.131)
where we used the neutron lifetime τn = λ0G
2
F (1 + 3g
2
A)m
5
e/(2pi
3) = 886.7s, with λ0 = 1.636.
Finally, we have
λnp =
4T 5
τnλ0m5e
(
12 + 6
Q
T
+
Q2
T 2
)
. (2.132)
Eq. (2.132) together with Eq. (2.126) can be solved numerically to give the neutron
abundance. To do so, we first change the variables
x ≡ Q
T
. (2.133)
The left-hand side of Eq. (2.126) becomes x˙dXn/dx. The equation for x˙ comes from Eq.
(2.133)
dx
dt
= − Q
T 2
dT
dt
= −xT˙
T
(2.134)
and the expression for T˙ comes, in turn, from the fact that T ∝ a−1, thus
T−1
dT
dt
= a
(
− 1
a2
)
da
dt
= −H =
√
8piGρ
3
, (2.135)
where the last equality follows from the first Friedmann equation. Since BBN occurred in the
radiation era, the main contribution to the energy density comes from relativistic particles
(2.102). Combining the contributions of fermions and bosons, we have
ρ =
pi2
30
T 4
[ ∑
i=bosons
gi +
7
8
∑
i=fermions
gi
]
(i relativistic)
≡ g∗pi
2
30
T 4 , (2.136)
where g∗ is the effective degrees of freedom, in the period of interest and it depends on the
temperature. In the BBN there were photons (gγ = 2), neutrinos (gν = 6), electrons and
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positrons (ge+ = ge− = 2). These particles gives the value (roughly independent of the
temperature) g∗ ' 10.75. Finally, Eq. (2.126) becomes
dXn
dx
=
xλnp
H(x = 1)
[
e−x −Xn(1 + e−x)
]
, (2.137)
with H(x = 1) =
√
4pi3GQ4
45 10.75 ≈ 1.13 s−1. From Eq. (2.132) the neutron-proton conver-
sion rate is
λnp =
255
τnx5
(12 + 6x+ x2) . (2.138)
Notice that we have a first-order non-homogeneous differential equation (2.137), which
can be written in the form
X ′n(x) +
λnp(x)x
H(x = 1)
(1 + e−x)Xn(x) =
λn(x)x
H(x = 1)
e−x . (2.139)
We define the integrating factor as
µ(x) ≡
∫ x
xi
dx′λnp(x′)x′
H(x′)
(1 + e−x
′
) (2.140)
and multiply both sides of Eq. (2.139) by eµ(x). Then,
eµ(x)X ′n(x) +
λnp(x)x
H(x = 1)
(1 + e−x)Xn(x)eµ(x) =
λn(x)x
H(x = 1)
e−xeµ(x) , (2.141)
which can be rewritten as
[eµ(x)Xn(x)]
′ =
λnp(x)x
H(x = 1)
e−xeµ(x) , (2.142)
eµ(x)Xn(x) =
∫ x
xi
dx′
λnp(x
′)e−x′
x′H(x′)
eµ(x
′) , (2.143)
since H(x) = H(x = 1)/x2. Hence, with µ(x) defined by Eq. (2.140),
Xn(x) =
∫ x
xi
dx′
λnp(x
′)x′e−x′
H(x′)
eµ(x
′)−µ(x) . (2.144)
Since
µ(x) =
∫ x
xi
dx′x′255
τnx′5H(x′ = 1)
(12 + 6x′ + x′2)(1 + e−x
′
) , (2.145)
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Figure 2.1: The figure shows Xn as a function of x, that is, with the inverse of temperature (m/T ).
µ(x) =
∫ x
xi
dx′255
τnH(x′ = 1)
(
12
x′4
+
6
x′3
+
1
x′2
)
(1 + e−x
′
)
=
255
τnH(x′ = 1)
[(
− 4
x3
− 3
x2
− 1
x
) ∣∣∣∣x
xi
+
∫ x
xi
dx′
(
12
x′4
+
6
x′3
+
1
x′2
)
e−x
′
]
=
255
τnH(x′ = 1)
[(
− 4
x3
− 3
x2
− 1
x
)
+
(
− 4
x3
− 1
x2
)
e−x
′
] ∣∣∣∣x
xi
= − 255
τnH(x′ = 1)
[(
4
x3
+
3
x2
+
1
x
)
+
(
4
x3
+
1
x2
)
e−x
′
] ∣∣∣∣x
xi
. (2.146)
Therefore,
µ(x) = −255
τn
[
4pi3GQ4g∗
45
]−1/2 [(
4
x3
+
3
x2
+
1
x
)
+
(
4
x3
+
1
x2
)
e−x
′
] ∣∣∣∣x
xi
. (2.147)
The freeze-out occurred for the asymptotic value of Xn at x → ∞. The value is found
numerically, solving the Eq.(2.144). We find Xn = 0.148 at x→∞ and the evolution of Xn
is showed in Fig. 2.1.
The production of light elements is well constrained from observed data, in such a way
that a hypothetical unstable particle, for instance, has its mass and decay rate also con-
strained. As an example, the gravitino should decay before the BBN in order not to destroy
the light elements, for instance, due to the high energy photons emitted from its decay.
2.5.3 Recombination
As the universe expands its temperature decreases. When the temperature drops to
around one electron-volt, electrons, protons and photons are coupled via Coulomb and Comp-
ton scattering. Although the production of neutral hydrogen demands a binding energy of
0 = 13.6 eV, the high photon per baryon ratio ensures that any hydrogen atom produced
will be instantaneously ionized. In order to study the out-of-equilibrium process for the
reaction e−+ p↔ H + γ, we use the fact that the neutrality of the universe ensures np = ne
and we define the free electron fraction
Xe ≡ ne
ne + nH
=
np
np + nH
. (2.148)
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The Boltzmann equation (2.116) becomes
a−3
d(nea
3)
dt
= n(0)e n
(0)
p 〈σv〉
(
nH
n
(0)
H
− n
2
e
n
(0)
e n
(0)
p
)
= (1−Xe) 〈σv〉nb
[(
meT
2pi
)3/2
e−0/T −X2enb
]
. (2.149)
Expressing ne as Xenb, where ne+nH = nb, nba
3 is constant and can be passed through the
time derivative, and using x ≡ 0T we have
dXe
dt
= x˙
dXe
dx
= −xT˙
T
dXe
dx
, (2.150)
since x˙ = −0T˙ /T 2 = −xT˙/T. As T ∝ 1/α
T˙
T
= −H = − 1
x2
√
4pi3G40g∗
45
= − 1
x2
H(x = 1) , (2.151)
thus Eq. (2.149) yields
dXe
dx
=
x
H(x = 1)
[
(1−Xe)β −X2enbα
]
, (2.152)
with β ≡ 〈σv〉 (meT2pi )3/2 e−x and α ≡ 〈σv〉.
Writing down Eq. (2.152) we have
dXe
dx
=
x
H(x = 1)
[
(1−Xe)β −X2enbα
]
=
x
H(x = 1)
[
(ne + nH)(X
(0)
e )
2 〈σv〉 −X2enb 〈σv〉
]
=
x
H(x = 1)
〈σv〉nb[(X(0)e )2 −X2e ] , (2.153)
where we used
X2e
1−Xe =
1
ne + nH
[(
meT
2pi
)3/2
e−(me+mp−mH)/T
]
, (2.154)
which in turn is obtained from the condition of equilibrium (2.117) with 1 = e−, 2 = p and
3 = H.
Denoting λ ≡ nbx3 〈σv〉 /H(x = 1) we have
dXe
dx
= − λ
x2
[X2e − (X(0)e )2] . (2.155)
The equation above does not have analytic solutions, but we can find a solution for the
extreme cases. During the thermal equilibrium Xe = X
(0)
e , while after the freeze-out, X
(0)
e
decreases and Xe  X(0)e . So Eq. (2.155) yields
dXe
dx
≈ − λ
x2
X2e (x 1) . (2.156)
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Now, integrating this from the epoch of freeze-out xf until very late times x =∞
1
X∞
− 1
Xf
=
λ
xf
. (2.157)
Since Xe at freeze-out Xf is significantly larger than X∞ we neglect the second term in Eq.
(2.157) and we get
X∞ ≈ xf
λ
. (2.158)
2.5.4 Dark Matter
There is a strong evidence of non-baryonic and non-relativistic dark matter with a density
parameter today of Ωdm = 0.27 [97]. As we have seen in the previous sections the energy
density of a non-relativistic matter is proportional to e−m/T , so if dark matter remained in
thermal equilibrium its abundance would be totally suppressed.
Here we reproduce the main mechanism of thermal production of dark matter in the
young universe. To do so, the dark matter particle is assumed to be in close contact with
the cosmic plasma at high temperatures, but then it froze-out when the temperature dropped
below its mass. The two heavy dark matter particles X can annihilate into two essentially
massless particles l. These light particles are assumed to be tightly coupled to the cosmic
plasma, so n
(0)
l = nl. In this section there is not an interaction with dark energy.
With these assumptions the Boltzmann equation (2.116) becomes
a−3
d(nXa
3)
dt
= 〈σv〉
[
(n
(0)
X )
2 − n2X
]
. (2.159)
The freeze-out is believed to occur in the radiation era, so the temperature of the universe
scales with a−1. It is convenient to define here the new variable
Y ≡ nX
T 3
, (2.160)
thus the Boltzmann equation for cold dark matter becomes
dY
dt
= T 3〈σv〉 [Y 2EQ − Y 2] , (2.161)
were YEQ ≡ n(0)X /T 3.
As previously done we define the quantity
x ≡ m
T
. (2.162)
Similarly to what was done for recombination, the change of t to x is done using dx/dt =
Hx. Since in the radiation era the energy density scales with T 4 (2.102) so H = H(m)x−2
and Eq. (2.161) can be written as
x
YEQ
dY
dx
= − Γ
H(T )
[(
Y
YEQ
)2
− 1
]
, (2.163)
where Γ ≡ nEQ〈σv〉 is the interaction rate. When the effectiveness of annihilation Γ/H is
less than order unity the annihilation freezes-out and dark matter has a relic abundance. An
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example involving Yukawa interaction will be done soon, but before that we return to Eq.
(2.163) and calculate the relic abundance, which is for Y  YEQ. In this limit we have
dY
dx
' − λ
x2
Y 2 (x 1) , (2.164)
where λ ≡ m3〈σv〉/H(m). Eq. (2.164) has exactly the same form of Eq. (2.156), so its
solution is
Y∞ ' xf
λ
, (2.165)
where Y∞ is the abundance at very late times x→∞.
After freeze-out, the dark matter density dilutes with a−3 and from the Boltzmann
equation ρXa
3 is constant, thus the energy density of dark matter today is ρX(a0) =
mnX(a1)(a1/a0)
3. The scale factor a1 corresponds to a sufficiently late time, so that
Y (a1) ≈ Y∞. Using nX(a1) = Y∞T 31 we have
ρX(a0) = mY∞T 30
(
a1T1
a0T0
)3
. (2.166)
In principle one might think that the ratio a1T1a0T0 is one, since a ∝ T−1. However, it does
not because the photons are heated by the annihilation of several particles with mass between
1 MeV and 100 GeV. We find the ratio using the fact that the entropy density scales as a−3.
Thus [g∗(aT 3)]1 = [g∗(aT 3)]0. The effective degree of freedom g∗ for relativistic particles
(defined in Eq. (2.136) at high temperatures (10 GeV, for instance) has contributions of five
quarks,3 six leptons, the photon and eight gluons, plus the correspondent anti-particles. All
these degrees of freedom gives g∗ = 91.5. Today, the particles that contribute to the entropy
are only photons and neutrinos, thus g∗ = 3.36. Therefore a1T1a0T0 =
3.36
91.5 =
1
27 . Using this
result in Eq. (2.166) with Eq. (2.165) and λ ≡ m3〈σv〉/H(m), we have
ρX(a0) ' mY∞T
3
0
30
∼ xfH1T
3
0
30m2〈σv〉 . (2.167)
The Hubble rate at the radiation era H1 = H(m) is given by
√
8piGρ/3 with the energy
density given by Eq. (2.136). The energy parameter for dark matter is
ΩX =
[
4piGg∗(m)
45
]1/2 xfT 30
30m2〈σv〉ρcr ∼ 0.3
xf
10
[
g∗(m)
100
]1/2 10−37cm2
〈σv〉 . (2.168)
Sample calculation with Yukawa interaction
We now calculate explicitly 〈σv〉 from the scattering amplitude of quantum field theory.
We consider the Yukawa interaction gϕψψ¯. One might think that the scalar field plays the
role of the dark energy, as a possible explanation for the interacting term in coupled dark
energy presented in Sect. 2.3.1. However, we should recall that the equilibrium number
density for dark matter is suppressed by e−m/T so the interaction would have stopped in the
very early universe.
The complete squared-amplitude for the process ψ(p) + ψ¯(p′) ↔ ϕ(k) + ϕ(k′), whose
Feynman diagram is shown in Fig. 2.2, is given by
3The top quark has a mass of 175 GeV, so it is too heavy to be in the universe at these temperatures.
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Figure 2.2: Feynman diagram for the process ψ(p) + ψ¯(p′)↔ ϕ(k) + ϕ(k′).
g−4|M|2 =2E
4 − k2p2 cos2 θ − E2M2 + 4m2p2
((p− k)2 +m2)2 + 2
E4 − k2p2 cos2 θ − E2M2 + 4m2p2
((p+ k)2 +m2)2
+
2
−2E4 + 2k2p2 cos2 θ + 2E2M2 + 8m2p2
((p− k)2 +m2)((p+ k)2 +m2) . (2.169)
where M is the scalar mass, m is the fermion mass and E2 = p2 +m2 = k2 +M2.
Since we are taken CDM into account, we can simplify the expression above performing
an expansion in powers of p2/m2. The result is
g−4|M|2 = 32(5− 6M
2/m2 + 2M4/m4)
(2−M2/m2)4
(
p2
m2
)
+O
(
p3
m3
)
. (2.170)
We use the following equation for the total cross section
σv =
|M|2
2E2E
4pik
(2pi)24ECM
, (2.171)
where ECM is the energy in the center of mass frame. In terms of the energy E, we have
ECM = 2E.
Using Eq. (2.170) into Eq. (2.171) we have
σv ≈ g
4
m2pi
√
1− M
2
m2
(5− 6M2/m2 + 2M4/m4)
(2−M2/m2)4
(
p2
m2
)
. (2.172)
The cross section σv for CDM can be written as proportional to vp, where p = 0 is
known as s-wave, p = 2 is the p-wave and so on. As a power of v2 the cross section becomes
σv = a+ bv2 + . . . . In our case we have a = 0 and
b =
g4
m2pi
√
1− M
2
m2
(5− 6M2/m2 + 2M4/m4)
(2−M2/m2)4 . (2.173)
From the Maxwellian velocity distribution we have 〈v2〉 = 3T/m, hence we have 〈σv〉 =
b〈v2〉 = 3bT/m. For non-relativistic particles, the equilibrium number density is given by
Eq. (2.99)
nEQ =
(
mT
2pi
)3/2
e−m/T . (2.174)
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Figure 2.3: Plot of the parameter b/g4 as a function of M for m = 100 GeV.
Using Eq. (2.174) the interaction rate Γ becomes
Γ = 3b
T
m
(
mT
2pi
)3/2
e−m/T , (2.175)
with b given by Eq. (2.173). Since the temperature of non-relativistic matter scales with
a−2,4 we have T = T0a−2, where T0 is the dark matter temperature today.5
We showed in Fig. 2.3 the parameter b (2.173) as a function of the scalar mass M , for
the dark matter with m = 100 GeV. Different values of masses only change the scale.
If the interaction remained until today H0 = 10
−42 GeV, the dark matter temperature
T0 would be 13 MeV, 130 MeV, 1.3 GeV and 13 GeV for the range of dark matter mass 1
GeV, 10 GeV, 100 GeV and 1000 GeV, respectively. This result leads to T0/m ≈ 0.01  1
for all the cases, which is consistent with the non-relativistic limit for the temperature to
mass ratio. For comparison purposes, notice that the electroweak phase transition occurred
around T ∼ 100 GeV, while QCD phase transition happened at T ∼ 150 MeV and neutrino
decoupling at T ∼ 1 MeV.
4Using Eq. (2.109) we have
∂fdm
∂t
− ∂fdm
∂E
H
p2
E
= 0 . (2.176)
Since fdm ∝ e−p2/2mT and E =
√
p2 +m2 we should expand E and consider only zero-order term. Further-
more, ∂fdm/∂t can be written as
∂fdm
∂t
=
∂fdm
∂T
T˙ = − p
2T
∂fdm
∂p
T˙ . (2.177)
Inserting Eq. (2.177) into Eq. (2.176) and taking the derivatives
p2
2m
T˙
T 2
+
1
T
a˙
a
p2
m
= 0 , (2.178)
dT
2T
+
da
a
= 0
dT
T
= −2da
a
. (2.179)
Hence
T ∝ 1
a2
. (2.180)
5 An upper limit on the temperature to mass ratio of cold dark matter today (away from collapsed
structures) was placed by [98], giving the value T0 ≤ 10−14m for non-interacting dark matter.
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Due to the order of magnitude of the mass of the dark matter, it is expected that the
particle decoupled during the radiation-dominated epoch, so H(T ) = 1.66g
1/2
∗ T 2/Mpl, where
g∗ are the degrees of freedom of the particles that exist in the universe for a temperature T .
For T & 300 GeV all particles of the standard model were relativistic, so g∗ = 106.75, while
for 100 MeV & T & 1 MeV g∗ = 10.75. The temperature of decoupling T at which Γ = H is
roughly independent of g∗ and it is ∼ 30 MeV, 330 MeV, 3.5 GeV and 38 GeV for the range
of dark matter mass 1 GeV, 10 GeV, 100 GeV and 1000 GeV, respectively. These values of
m and T lead to xf = 33 for the lightest mass and xf = 26 for the heaviest one.
2.6 Quintessence
Among a wide range of alternatives for the cosmological constant Λ, a scalar field is a
viable candidate to be used with a broad form of potentials. Its usage includes the canon-
ical scalar field, called ‘quintessence’ [11–15], and the scalar field with the opposite-sign in
the kinetic term, known as ‘phantom’ [16, 17]. Both have similar equations, but different
implications. The phantom case will be presented in the next chapter together with another
possibility of non-canonical scalar field, the tachyon field.
Quintessence is described by a canonical homogeneous field φ minimally coupled with
gravity. In this section we do not consider any other coupling.
The action for quintessence is given by
S =
∫
d4x
√−g
[
−1
2
gµν∂µφ∂νφ− V (φ)
]
, (2.181)
where V (φ) is the potential of the field. Considering the flat FLRW metric, its determinant
is
√−g = a3, where a ≡ a(t) is the scale factor. The variation of the action (2.181) with
respect to φ gives the equation of motion
φ¨+ 3Hφ˙+
dV
dφ
= 0 . (2.182)
The energy-momentum tensor is given by Eq. (2.24). Since δ
√−g = −(1/2)√−ggµνδgµν ,
we find
Tµν = ∂µφ∂νφ− gµν
[
1
2
gαβ∂αφ∂βφ+ V (φ)
]
. (2.183)
Once φ is homogeneous, spatial derivatives of the field yield zero, thus the energy density
and pressure density obtained from Eq. (2.183) are
ρφ = −T 00 =
1
2
φ˙2 + V (φ) , (2.184)
pφ = T
i
i =
1
2
φ˙2 − V (φ) . (2.185)
For this field the Friedmann equations become
H2 =
8piGρφ
3
=
8piG
3
[
φ˙2
2
+ V (φ)
]
, (2.186)
a¨
a
= −4piG
3
(ρφ + 3pφ) = −8piG
3
[
φ˙2 − V (φ)
]
, (2.187)
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H˙ = −4piG(pφ + ρφ) = −4piGφ˙2 . (2.188)
Inserting Eqs. (2.184) and (2.185) in the continuity equation (2.52) we get Eq. (2.182)
again. Using Eqs. (2.184) and (2.185) the equation of state for the field φ yields
wφ =
pφ
ρφ
=
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
, (2.189)
whose values are between −1 and 1, with the accelerated expansion occurring for wφ < −1/3.
For φ˙2  V (φ) we have wφ = −1, which is the equation of state for the cosmological constant.
Solving (2.52) we have
ρφ = ρ0 exp
[
−
∫
3(1 + wφ)
da
a
]
. (2.190)
For φ˙2  V (φ), wφ = −1 and ρφ is constant. From the other limit φ˙2  V (φ), wφ = 1 and
ρφ ∝ a−6. In the intermediary cases the energy density behaves as
ρφ ∝ a−m , 0 < m < 6 . (2.191)
Since wφ = −1/3 is the border of acceleration and deceleration,
ρφ ∝ a−3(1−1/3) = a−2 , (2.192)
the universe exhibits an accelerated expansion for 0 < m < 2. Using Eqs. (2.186) and
(2.188) we can write V (φ) and φ˙ in terms of H and H˙
V =
3H2
8piG
(
1 +
H˙
3H2
)
, (2.193)
φ =
∫
dt
[
− H˙
4piG
]1/2
. (2.194)
It is of interest to derive a scalar-field potential that gives rise to a power-law expansion
a(t) ∝ tp . (2.195)
where p > 1 for an accelerated universe, since a¨ = p(p− 1)tp−2. From Eq. (2.195) we have
H =
p
t
, H˙ = − p
t2
, (2.196)
which is used in Eqs. (2.193) and (2.194) to yield
φ =
√
p
4piG
ln t , (2.197)
V (φ) =
p
8piG
(3p− 1)e−2
√
4piG
p
φ
= V0e
−
√
16piG
p
φ
. (2.198)
In the next chapter it will be carried out a more detailed analysis of quintessence in a
presence of a barotropic fluid.
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Before going ahead lets see how is the time evolution of the energy density (2.192),
considering Eqs. (2.197) and (2.198). Using these equations into Eq. (2.184) we have
ρφ =
3p2
8piGt2
∝ t−2 ∝ a−m , 0 < m < 2 , (2.199)
where the last proportionality comes from Eq. (2.191). Eq. (2.199) leads to
a ∝ t2/m , 2
m
> 1 , (2.200)
as required by Eq. (2.195).
Besides the exponential potential (2.198), one of the first proposals for the scalar potential
was the inverse power-law V (φ) ∼ φ−α, where α > 0. Although non-renormalizable, such
potential has the remarkable property that it leads to the attractor-like behavior for the
equation of state and density parameter of the dark energy, which are nearly constants for a
wide range of initial conditions [18,19]. This potential is an example of the so-called ‘tracker
behavior’, where the correspondent scalar field is a tracker field.
Tracking occurs for any potential for which wφ < wm (where wm is the equation of state
for radiation or matter) and Γ ≡ V V ′′/(V ′)2 > 1 is nearly constant (|d(Γ−1)/Hdt|  |Γ−1|)
[19]. In this case, the equation of state for the quintessence field is also nearly constant
wφ ≈ wm − 2(Γ− 1)
1 + 2(Γ− 1) . (2.201)
For the inverse power-law Γ = (α+ 1)/α.
The independence of initial conditions alleviates another concern regarding the dark
energy, namely, why dark energy and matter densities are of the same order today, known
as ‘coincidence problem’. The two densities decrease at different rates, so it seems that the
initial conditions in the early universe had to be set very carefully for those energy densities
to be comparable today.
As pointed in [99] the observed abundances of primordial elements put strong constraints
on ΩBBNφ . We use this bound in chapter 3.
Chapter 3
Dynamical analysis for coupled
dark energy models
In this chapter, equipped with dynamical system theory, we investigate the critical points
that come from the evolution equations for the complex scalar field (quintessence, phantom
and tachyon) and for the vector dark energy, considering the possibility of interaction between
the two components of the dark sector. For the tachyonic scalar field, we first analyze the
case of a real field for a new form of interaction between the two components of the dark
sector, presented in our work [62]. Then, we proceed to the complex quintessence, phantom
and tachyon field whose dynamical equations are derived and the critical point analyzed.
This is a natural extension of the previous works [32, 39, 61, 62] and the new results were
presented in our papers [62,63,82].
In Sect. 3.1 we present a quick review on dynamical system theory, necessary for our
purposes. In Sect. 3.2 we apply the formalism to quintessence (phantom) and tachyon fields.
Sect. 3.3 is reserved for the vector-like dark energy.
3.1 Basics
To deal with the dynamics of the system of evolution equations, we define dimensionless
variables. The new variables are going to characterize a system of differential equations in the
form x˙ = f(x1, x2, . . . , t), y˙ = g(x1, x2 . . . , t), . . . , so that f , g, . . . do not depend explicitly
on time. For this system (called autonomous), a point (x1c, x2c, . . . ) is called fixed or critical
point if (f, g, . . . )|x1c,x2c,... = 0 and it is an attractor when (x1, x2, . . . ) → (x1c, x2c, . . . ) for
t→∞. The equations of motion for the variables x1, x2, x3, y, z and λ are obtained taking
the derivatives with respect to N ≡ log a, where we set the present scale factor a0 to be one.
The fixed points of the system are obtained by setting dx1/dN = 0, dx2/dN = 0, . . . . The
system of differential equations can be written in the compact form
X ′ = f [X], (3.1)
where X is a column vector of dimensionless variables and the prime is the derivative with
respect to log a. The critical points Xc are those ones that satisfy X
′ = 0.
In order to study stability of the fixed points we consider linear perturbations U around
them, thus X = Xc + U . At the critical point the perturbations U satisfy the following
equation
U ′ = JU, (3.2)
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where J is the Jacobian matrix. The stability around the fixed points depends on the nature
of the eigenvalues (µ) of J , in such a way that they are stable points if they if they are all
negative, unstable points if they are all positive and saddle points if at least one eigenvalue
has positive (or negative) value, while some other has opposite sign. In addition, if any
eigenvalue is a complex number, the fixed point can be stable (Re µ < 0) or unstable (Re
µ > 0) spiral, due to the oscillatory behavior of its imaginary part. If any fixed point has at
least one eigenvalue equals zero, the fixed point is not hyperbolic and a higher-order analysis
is needed in order to have a complete description of their stability.
3.2 A dynamical analysis with complex scalar field
3.2.1 Quintessence and phantom dynamics
We will present first the equations of a complex scalar field without interaction. The
complex scalar field Φ can be written as Φ = φeiθ, where φ is the absolute value of the scalar
field and θ is a phase. Both canonical and phantom fields are described by the Lagrangian
L = −√−g
( 
2
∂µΦ∗∂µΦ + V (|Φ|)
)
, (3.3)
where V (|Φ|) is the potential for the complex scalar and we consider it depends only on
the absolute value of the scalar field φ ≡ |Φ|. We have  = +1 for the canonical field
(quintessence) and  = −1 for the phantom field. For a homogeneous field φ ≡ φ(t) and
θ ≡ θ(t), in an expanding universe with FLRW metric with scale factor a ≡ a(t), the
equations of motion are
φ¨+ 3Hφ˙+ V ′(φ)− φθ˙2 = 0 , (3.4)
θ¨ +
(
3H +
2φ˙
φ
)
θ˙ = 0 . (3.5)
where the prime denotes derivative with respect to φ. For the quintessence field, Eq. (3.5)
has the solution θ˙ = w
a3φ2
, where ω is an integration constant. Using this result in Eq.
(3.4) leads to an effective potential, which is ddφ
(
ω2
2a6
1
φ2
+ V (φ)
)
[20]. The first term in the
brackets drives φ away from zero and the factor a−6 may make the term decrease very fast,
provided that φ does not decrease faster than a−3/2.
We assume the interaction between the scalar field with dark matter through the coupling
Qρmφ˙ [31, 32] and it enters in the right-hand side of Eq. (3.4), which in turn becomes
φ¨+ 3Hφ˙+ V ′(φ)− φθ˙2 = Qρm . (3.6)
In the presence of matter and radiation, the Friedmann equations for the canonical
(phantom) field are
H2 =
1
3
( 
2
φ˙2 +

2
φ2θ˙2 + V (φ) + ρm + ρr
)
, (3.7)
H˙ = −1
2
(
φ˙2 + φ2θ˙2 + ρm +
4
3
ρr
)
, (3.8)
and the equation of state becomes
wφ =
pφ
ρφ
=
φ˙2 + φ2θ˙2 − 2V (φ)
φ˙2 + φ2θ˙2 + 2V (φ)
. (3.9)
We are now ready to proceed the dynamical analysis of the system.
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Autonomous system
The dimensionless variables are defined as
x1 ≡ φ˙√
6H
, x2 ≡ φθ˙√
6H
, x3 ≡
√
6
φ
, y ≡
√
V (φ)√
3H
,
z ≡
√
ρr√
3H
, λ ≡ −V
′
V
, Γ ≡ V V
′′
V ′2
.
(3.10)
The dark energy density parameter is written in terms of these new variables as
Ωφ ≡ ρφ
3H2
= x21 + x
2
2 + y
2 , (3.11)
so that Eq. (3.7) can be written as
Ωφ + Ωm + Ωr = 1 , (3.12)
where the matter and radiation density parameter are defined by Ωi = ρi/(3H
2), with
i = m, r. From Eqs. (3.11) and (3.12) we have that x1, x2 and y are restricted in the phase
plane by the relation
0 ≤ x21 + x22 + y2 ≤ 1 , (3.13)
since 0 ≤ Ωφ ≤ 1. Notice that if y = 0 the restriction (3.13) forbids the possibility of
phantom field ( = −1) because for this case Ωφ < 0.
The equation of state wφ becomes
wφ =
x21 + x
2
2 − y2
x21 + x
2
2 + y
2
, (3.14)
which is a trivial extension of the real scalar field case. The total effective equation of state
is
weff =
pφ + pr
ρφ + ρm + ρr
= x21 + x
2
2 − y2 +
z2
3
, (3.15)
with an accelerated expansion for weff < −1/3. The dynamical system for the variables x1,
x2, x3, y, z and λ are
dx1
dN
= −3x1 + x22x3 +
√
6
2
y2λ−
√
6
2
Q(1− x21 − x22 − y2 − z2)− x1H−1
dH
dN
, (3.16a)
dx2
dN
= −3x2 − x1x2x3 − x2H−1dH
dN
, (3.16b)
dx3
dN
= −x1x23 , (3.16c)
dy
dN
= −
√
6
2
x1yλ− yH−1dH
dN
, (3.16d)
dz
dN
= −2z − zH−1dH
dN
, (3.16e)
dλ
dN
= −
√
6λ2x1 (Γ− 1) , (3.16f)
where
H−1
dH
dN
= −3
2
(1 + x21 + x
2
2 − y2)−
z2
2
. (3.17)
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Point Existence x1 x2 x3 y z wφ Ωφ weff
(a) Q = 0 0 0 any 0 0 – 0 0
(b)  = +1 −
√
6Q
3 0 0 0 0 1
2Q2
3
2Q2
3
(c) any 0 0 any 0 1 – 0 13
(d)  = +1 −1√
6Q
0 0 0
√
1− 12Q2 1 16Q2 13
(e)  = +1 2
√
6
3λ 0 0
2
√
3
3λ
√
1− 4λ2 13 4λ2 13
(f)  = +1 any
√
1− x21 0 0 0 1 1 1
(g) any
√
6
2(λ+Q) 0 0
√
2Q(Q+λ)+3
2(λ+Q)2 0
−Q(Q+λ)
Q(Q+λ)+3
Q(Q+λ)+3
(λ+Q)2
−Q
λ+Q
(h) any λ√
6
0 0
√
1− λ26 0 −1 + λ
2
3 1 −1 + λ
2
3
Table 3.1: Critical points (x1, x2, x3, y and z) of the Eq. (3.16) for the quintessence and phantom
field. It is shown the condition of existence, if any, of the fixed point (point (a) exists only for
Q = 0, for instance, while the point (b) does not exist for the phantom field.). The table shows the
correspondent equation of state for the dark energy (3.14), the effective equation of state (3.15) and
the density parameter for dark energy (3.11).
Point µ1 µ2 µ3 µ4 µ5 Stability
(a) 9
2
− 3
2
0 3
2
− 1
2
saddle
(b) Q2 − 3
2
Q2 − 3
2
0 Q(Q+ λ) + 3
2
Q2 + 1
2
unstable or saddle
(c) −1 −1 0 2 1 saddle
(d) −1 + 1
2Q2
−1 0 2 + λ
2Q
1− Q2
2
saddle
(e) see the main text
(f) 3x21 +
√
6Qx1 3(x
2
1 − 1) ∓x1
√
1− x21 3−
√
6x1λ
2
1 unstable or saddle
(g) − λ+4Q
2(λ+Q)
− 3(λ+2Q)
2(λ+Q)
0 µ4d µ5d saddle or stable
(h) −3 + λ(λ+Q) −3 + λ2
2
0 −3 + λ2
2
−2 + λ2
2
saddle or stable
Table 3.2: Eigenvalues and stability of the fixed points for the quintessence (phantom) field.
Critical points
The fixed points of the system are obtained by setting dx1/dN = 0, dx2/dN = 0,
dx3/dN = 0, dy/dN = 0, dz/dN and dλ/dN = 0 in Eq. (3.16). When Γ = 1, λ is constant
the potential is V (φ) = V0e
−λφ [53, 54].1 The fixed points are shown in Table 3.1. Notice
that x3 and y cannot be negative and recall that Ωr = z
2. Some of the fixed points do not
exist for the phantom field because for those cases Ωφ is negative.
The eigenvalues of the Jacobian matrix were found for each fixed point in Table 3.1. The
results are shown in Table 3.2.
The eigenvalues µ4e and µ5e are
µ4e,5e = −3(λ+ 2Q)
4(λ+Q)
(
1±
√
1 +
8[3− λ(λ+Q)][3+ 2Q(λ+Q)]
3(λ+ 2Q)2
)
. (3.18)
All points shown here are similar to the ones found in the literature [32,39,53]. At a first
glance, one might think that the linear analysis would not give a complete description of the
stability, because all fixed points, but (f), have at least one eigenvalue equal zero. However, as
pointed out in [100], fixed points that have at least one positive and one negative eigenvalue
1The equation for λ is also equal zero when x1 = 0 or λ = 0, so that λ should not necessarily be constant,
for the fixed points with this value of x1. However, for the case of dynamical λ, the correspondent eigenvalue
is equal zero, indicating that the fixed points is not hyperbolic.
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are always unstable, and methods such as center manifold [100] should be used to analyze
the stability of the critical points that can be stable [((g) and (h)]. Even so, for almost all
fixed points, but (a) and (c), x3 = 0, which means φ→∞. However, this limit implies that
x2 ∝ φθ˙/H → ∞ as well, provided that H is finite.This issue occurred for the points (b)
and (d) to (h), as can be seen in Table 3.1 whose mathematical inconsistency indicates that
the these critical points are not physically acceptable.2 We reproduce the main results of all
the critical points below (for a real scalar field), for the sake of completeness.
The fixed point (a) is a saddle point which describes a matter-dominated universe,
however, it is valid only for Q = 0. The other possibility of matter-dominated universe
with Q 6= 0 arises from the fixed point (b). This point is called ‘φ-matter-dominated
epoch’ (φMDE) [32] and it can be either unstable or a saddle point. However, due to
Ωφ = 2Q
2/3 1, the condition Q2  1 should hold in order to the point to be responsible
for the matter era. Thus µ1 and µ2 are negative, while µ5 is always positive and µ4 is positive
for Q(λ+Q) > −3/2. Therefore, (b) is a saddle point.
The radiation-dominated universe is described by the critical points (c), (d) and (e), only
for the quintessence field. The first two points are saddle, as it is easily seen in Table 3.2, and
the last one had its stability described numerically in [32]. However, both (d) and (e) are not
suitable to describe the universe we live in, due to nucleosynthesis constraints [101,102]. The
nucleosynthesis bound ΩBBNφ < 0.045 [99] implies Q
2 > 3.7 for the point (d) and λ2 > 88.9
for the point (e). Thus the requirement for the point (d) is not consistent with the condition
of point (b) and the constraint on λ2 does not allow a scalar field attractor, as we will see
soon. Therefore, the only viable cosmological critical point for the radiation era is (c).
The point (f) is an unstable or saddle point and it does not describe an accelerated
universe. The last possibility for the matter era is the point (g), with eigenvalues shown in
Table 3.2 and Eq. (3.18). Since weff ' 0 for |λ|  |Q|, the fixed point is either stable or
stable spiral, hence the universe would not exit from the matter dominance.
On the other hand, the point (g) can lead to an accelerated universe, for the quintessence
field case ( = +1), provided that 3 < λ(λ + Q), because Ωφ ≤ 1, and Q > λ/2, from
weff < −1/3. Regarding λ > 0, the two eigenvalues µ1 and µ2 are always negative and since
Q > 3/λ − λ, the behavior of µ4d,5d depends on the second term in the square root of Eq.
(3.18)
A ≡ 8[3− λ(λ+Q)][3+ 2Q(λ+Q)]
3(λ+ 2Q)2
. (3.19)
If A < 1 the fixed point is stable and from the condition 3 < λ(λ + Q) we have A < 0.
Otherwise, i.e. A > 1, the critical point is a stable spiral. Thus the value of the coupling
dictates which behavior the fixed point will have: stable for 3/λ − λ < Q < Q∗ or stable
spiral for Q > Q∗, where Q∗ is the solution of A = 1. However, even in the case where one
can get Ωφ ' 0.7 [102,103], there are no allowed region in the (Q,λ) plane corresponding to
the transition from φMDE to scaling attractor [32]. Thus it is hard to gather the conditions
for the point φMDE and the point (g). For the case of the phantom field ( = −1), the
condition y2 > 0 implies 2Q(Q + λ) > 3. Hence, µ4 < 0 and µ5 > 0, and (g) is a saddle
point.
The last fixed point (h) leads to an accelerated universe provided that λ2 < 2. With this
condition, the eigenvalues µ2, µ4 and µ5 are always negative. The first eigenvalue µ1 is also
always negative for the phantom field, and it is for the quintessence field with the condition
λ(λ+Q) < 3. Therefore, the point is stable if the previous conditions are satisfied.
2This point could be thought as being an issue of the choice of variables definition. However, it does not
seem viable to define x2 and x3 in a different way.
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Figure 3.1: Behavior of the equation of state for the dark energy (wφ) and the effective equation of
state (weff ) for the quintessence field with Q = 0. The time scale is arbitrary and the universe today
is described by the value t = 4.
Figure 3.2: Behavior of the energy density parameter for the dark energy, radiation and matter, for
the quintessence field with Q = 0. The time scale is arbitrary and the universe today is described by
the value t = 4.
For illustrative purposes, the evolution of the relevant equations of state (wφ and weff )
and the energy density parameters, are shown respectively in Figs. 3.1 and 3.2, for the real
quintessence field with Q = 0.
Summary
From the eight fixed points presented in the quintessence (phantom) case, only (a) and
(c) are physically viable and they describe the sequence: radiation → matter. Both of them
are unstable, however, there does not exist a point that describe the dark-energy-dominated
universe. Thus the extra degree of freedom due to the phase θ spoils the physically acceptable
fixed points that exist for the case of real scalar field, indicating that the dynamical system
theory is not a good tool when one tries to analyze the complex quintessence (phantom).
3.2.2 Tachyon dynamics
The role of the tachyon in theoretical physics has a long story. For the most part of
it, tachyon has been considered an illness whose treatment and cure have been hard to be
achieved. In the field theory, tachyon is associated with a negative mass-squared particle,
which means that the potential is expanded around its maximum point. The natural question
that arises is whether tachyon potential has a good minimum elsewhere. The Mexican
hat potential in the spontaneous symmetry breaking is an example of this perspective. In
the bosonic string, its ground state is the tachyon field, whereas in supersymmetric string
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theory a real tachyon is present in non-BPS Dp-branes,3 while the complex tachyon appears
in a brane-anti-brane system [104]. However, the potential of such Dp-branes does have
a minimum [105, 106] and at this minimum the tachyon field behaves like a pressureless
gas [107]. As soon as tachyon condensation in string theory had been proposed, its role
in cosmology was studied and plenty of works have thenceforth been done. It was also a
dark-energy candidate [108–110].
The complex tachyon field Φ = φeiθ, where φ is the absolute value of the tachyon field
and θ is a phase, is described by the Born-Infeld Lagrangian
LBI = −
√−gV (|Φ|)√1 + ∂µΦ∗∂µΦ , (3.20)
where V (φ) is the tachyon potential, which depends only on the absolute value of the scalar
field φ ≡ |Φ|. For a homogeneous field φ ≡ φ(t) and θ ≡ θ(t), in an expanding universe with
Friedmann-Robertson-Walker metric, the Lagrangian becomes
LBI = −a3V (φ)
√
1− φ˙2 − φ2θ˙2 , (3.21)
where a ≡ a(t) is the scale factor. The equations of motion for φ and θ are, respectively,
φ¨
1− φ2θ˙2 − φ˙2 +
θ¨ + φ˙θ˙φ−1
(1− φ2θ˙2 − φ˙2)
φ2φ˙θ˙
(1− φ2θ˙2) +
3Hφ˙− φθ˙2
1− φ2θ˙2 +
V ′(φ)
V (φ)
= 0 , (3.22)
θ¨
1− φ2θ˙2 − φ˙2 + 3Hθ˙ +
2φ˙θ˙
φ(1− φ2θ˙2 − φ˙2) = 0 , (3.23)
where the prime denotes time derivative with respect to φ. When the phase θ is zero, we
recover the well-known equation of motion for the tachyon field. The interaction between the
tachyon and the dark matter is driven by the phenomenological coupling Q = Qρmρφφ˙/H,
which in turn we consider that it modifies the right-hand side of Eq. (3.22)
φ¨
1− φ2θ˙2 − φ˙2 +
θ¨ + φ˙θ˙φ−1
(1− φ2θ˙2 − φ˙2)
φ2φ˙θ˙
(1− φ2θ˙2) +
3Hφ˙− φθ˙2
1− φ2θ˙2 +
V ′(φ)
V (φ)
=
Qρmρφ
H
. (3.24)
With this form of coupling, the time dependence of the coupling is implicit in the Hubble
parameter H.
The Friedmann equations for the complex tachyon, in the presence of barotropic fluids,
are
H2 =
1
3
 V (φ)√
1− φ2θ˙2 − φ˙2
+ ρm + ρr
 , (3.25)
H˙ = −1
2
V (φ)(φ˙2 + φ2θ˙2)√
1− φ2θ˙2 − φ˙2
+ ρm +
4
3
ρr
 , (3.26)
The equation of state for the tachyon field yields
wφ =
pφ
ρφ
= φ˙2 + φ2θ˙2 − 1 , (3.27)
thus the tachyon behavior is between the cosmological constant one (wφ = −1) and matter
one (wφ = 0), due to the square root in Eq. (3.21).
We are now ready to proceed the dynamical analysis of the system.
3Dp-branes are d-dimensional objects where there exists the matter multiplet. Stable branes are those
ones with d even for Type-IIA string theory, while d is odd for Type-IIB.
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3.2.3 Autonomous system
The dimensionless variables for the case of tachyon field are
x1 ≡φ˙, x2 ≡ φθ˙, x3 ≡ 1
Hφ
, y ≡
√
V (φ)√
3H
,
z ≡
√
ρr√
3H
, λ ≡ − V
′
V 3/2
, Γ ≡ V V
′′
V ′2
.
(3.28)
Since φ˙ and θ are dimensionless variables, φ has dimension of time. For a real tachyon field
neither the points x2 nor x3 exist. Thus, in what follows the real tachyon case is seen by
just setting x2 = x3 = 0.
The dark energy density parameter is written in terms of these new variables as
Ωφ ≡ ρφ
3H2
=
y2√
1− x21 − x22
, (3.29)
so that Eq. (3.25) can be written as
Ωφ + Ωm + Ωr = 1 , (3.30)
where the matter and radiation density parameters are defined by Ωi = ρi/(3H
2), with
i = m, r. From Eqs. (3.29) and (3.30) we see that x1, x2 and y are restricted in the phase
plane by the relation
0 ≤ x21 + x22 + y4 ≤ 1 , (3.31)
since 0 ≤ Ωφ ≤ 1. In terms of these new variables the equation of state wφ is
wφ = x
2
1 + x
2
2 − 1 , (3.32)
which is clearly a trivial extension for the complex scalar field. The total effective equation
of state is
weff =
pφ + pr
ρφ + ρm + ρr
= −y2
√
1− x21 − x22 +
z2
3
, (3.33)
with an accelerated expansion for weff < −1/3. The dynamical system for the variables x1,
x2, x3, y, z and λ are
dx1
dN
= −(1− x21 − x22)
[
3x1 −
√
3yλ+ 3Q
(
1− z2 − y
2√
1− x21 − x22
)]
+ x22x3 , (3.34a)
dx2
dN
= −x1x2x3 − 3x2(1− x21 − x22) , (3.34b)
dx3
dN
= −x1x23 +
x3
2
[
3 + z2 − 3y
2√
1− x21 − x22
(1− x21 − x22)
]
, (3.34c)
dy
dN
=
y
2
[
−
√
3x1yλ+ 3 + z
2 − 3y
2√
1− x21 − x22
(1− x21 − x22)
]
, (3.34d)
dz
dN
= −2z + z
2
[
3 + z2 − 3y
2√
1− x21 − x22
(1− x21 − x22)
]
, (3.34e)
dλ
dN
= −
√
3λx1y
(
Γ− 3
2
)
. (3.34f)
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Point x1 x2 x3 y z wφ Ωφ weff
(a1) ±1 0 0 0 0 0 0 0
(a2) 0 ±1 0 0 0 0 0 0
(a3) 1 0 3
2
0 0 0 0 0
(a4) −Q ±√1−Q2 0 0 0 0 0 0
(b) any ±√1− x21 0 0 ±1 0 0 13
(c) 1 0 2 0 ±1 0 0 1
3
(d) 0 0 any 0 ±1 −1 0 1
3
(e) 0 0 any 1 0 −1 1 −1
(f1) λyc√
3
0 0 yc 0
λ2y2c
3
− 1 1 wφ
(f2) λyc√
3
0
√
3λyc
2
yc 0
λ2y2c
3
− 1 1 wφ
(g) −Q 0 0 0 0 Q2 − 1 0 0
(h1) xf 0 0 yf 0 x
2
f − 1 weffwφ
xfyfλ√
3
− 1
(h2) xf 0
√
3λyf
2
yf 0 x
2
f − 1 weffwφ
xfyfλ√
3
− 1
Table 3.3: Critical points (x1, x2, x3, y and z) of the Eq. (3.34), for the tachyon field. The table
shows the correspondent equation of state for the dark energy (3.32), the effective equation of state
(3.33) and the density parameter for dark energy (3.29).
Critical points
The fixed points of the system are obtained by setting dx1/dN = 0, dx2/dN = 0,
dx3/dN = 0, dy/dN = 0, dz/dN and dλ/dN = 0 in Eq. (3.34). When Γ = 3/2, λ is
constant the potential has the form found in Refs. [55, 111] (V (φ) ∝ φ−2), known in the
literature for both coupled [39, 52] and uncoupled [108, 109] dark energy.4 The fixed points
are shown in Table 3.3. Notice that x3 and y cannot be negative and recall that Ωr = z
2.
The fixed points yc, xf and yf are shown below
yc =
√√
λ4 + 36− λ2
6
, (3.35)
xf = −Q
2
±
√
Q2 + 4
2
, (3.36)
yf =
−λxf +
√
λ2x2f + 12
√
1− x2f√
12(1− x2f )
. (3.37)
The eigenvalues of the Jacobian matrix were found for each fixed point in Table 3.3. The
results are shown in Table 3.4.
For the real tachyon field the eigenvalues µ2 and µ3 do not exist. The points (a1)–(a4)
correspond to a matter-dominated solution, since Ωm = 1 and weff = 0. They are saddle
points because at least one eigenvalue has an opposite sign. The point (a4) is actually the
point (a1), with Q = 1. Points (b), (c) and (d) are radiation-dominated solutions, with
Ωr = 1 and weff = 1/3. The difference between them is that (b) and (c) have wφ = 0, while
(d) has wφ = −1 and admits any value for x3. They are unstable [(b)] or saddle points [(c)
or (d)].
4The equation for λ is also equal zero when x1 = 0, y = 0 or λ = 0, so that λ should not necessarily
be constant, for the fixed points with these values of x1 or y. However, for the case of dynamical λ, the
correspondent eigenvalue is equal zero, indicating that the fixed points is not hyperbolic.
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Point µ1 µ2 µ3
(a1) 6(1±Q) 0 3
2
(a2) 0 6 3
2
(a3) 6(1 +Q) − 3
2
− 3
2
(a4) 0 6(1−Q2) 3
2
(b) 6x21 6x
2
2 2
(c) 6 −2 −2
(d) −3 −3 2
(e) −3 −3 0
(f1)
√
3Qλyc − 3
(
1− λ2y2c
3
)
−3
(
1− λ2y2c
3
)
λ2y2c
2
(f2)
√
3Qλyc − 3
(
1− λ2y2c
3
)
λ2y2c
2
− 3 −λ2y2c
2
(g) −3(1−Q2) −3(1−Q2) 3
2
(h1) 3
(
x2f − xfyfλ√3
)
−3(1− xf ) 32
(h2) 3
(
x2f − xfyfλ√3
)
−
√
3
2
λxfyf − 3(1− xf ) −
√
3
2
λxfyf
µ4 µ5 Stability
(a1) 3
2
− 1
2
saddle
(a2) 3
2
− 1
2
saddle
(a3) 3
2
− 1
2
saddle
(a4) 3
2
− 1
2
saddle
(b) 2 1 unstable
(c) 2 1 saddle
(d) 4 1 saddle
(e) −3 −2 stable
(f1)
λ2y2c
2
− 3 λ2y2c
2
− 2 saddle
(f2)
λ2y2c
2
− 3 λ2y2c
2
− 2 stable for λ < 0 or Q = 0
(g) 3
2
− 1
2
saddle
(h1) 3
2
(
xfyfλ√
3
− 2
)
3
2
(
xfyfλ√
3
− 4
3
)
saddle
(h2) 3
2
(
xfyfλ√
3
− 2
)
3
2
(
xfyfλ√
3
− 4
3
)
stable
Table 3.4: Eigenvalues and stability of the fixed points for the tachyon field.
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The point (e) is in principle a dark-energy-dominated solution with Ωφ = 1 and weff =
wφ = −1, whose existence is restrict to λ = 0. However, a careful analysis shows that
the Jacobian matrix for this critical point has zero eigenvector, thus the matrix cannot be
diagonalized and the fixed point should not be considered.
Points (f1) and (f2) are also a dark-energy-dominated solution (Ωφ = 1) whose equation
of state depends on λ, which in turn can be either constant or zero. The cases with constant
λ are shown in Table 3.3 and an accelerated expansion occurs for λ2 < 2/
√
3. For λ = 0
we have yc = 1, xc = 0 and wφ = −1, thus we recover the point (e). All the points shown
so far, but (e), were also found in Refs. [39, 55, 111]. The eigenvalues µ2, µ4 and µ5 of
the fixed point (f1) and (f2) are always negative. For these points λ
2y2c
3 ≤ 1, then the first
eigenvalue is also negative if Q = 0, λ < 0 or
√
3Qλyc < 3. Therefore, the point (f2)
describes a dark-energy-dominated universe and can lead to a late-time accelerated universe
if the requirement µ1 < 0 is satisfied. On the other hand, (f1) is a saddle point. The effective
equation of state depends only on λ, so the coupling Q only changes the property of the
fixed point.
The point (g) is also a saddle point with a matter-dominated solution, however, different
from (a1)–(a4), the equation of state for the dark energy wφ is no longer zero but depends
on Q, leading to a universe with accelerated expansion for Q2 < 2/3. For this point the
coupling is restrict to values 0 ≤ Q2 ≤ 1.
The last fixed points (h1) and (h2) require more attention. They are valid solutions for
xf 6= 0,5 for Q 6= 0 and for constant λ, and its behavior depends on Q. In order to have
x2f ≤ 1, we must have Q > 0 for the case with plus sign in xf (3.36), while we have Q < 0
for the minus sign case. We restrict our attention for the plus sign case. When Q → |∞|,6
xf → 0 and yf → 1, in agreement with the restriction (3.31). Furthermore, the fixed points
exist for some values of λ > 0 and Q, due to Eq. (3.31). In Fig. 3.3, we show the restriction
x2f + y
4
f as a function of Q, for some values of λ. As we see, for λ = 0 we have yt = 1 only
when xf → 0, but this value is never reached since the fixed points (h1) and (h2) are valid
for xf 6= 0. Thus for λ ≤ 0 the restriction is not satisfied. From the figure we also notice
that there is a lower bound for Q, for which the points (h1) and (h2) start existing. In Fig.
3.4 we plot yf as a function of Q, for the all the values of λ but zero, shown in Fig. 3.3.
7
As in the case of quintessence and phantom, the fixed points that have x3 = 0 [(a1),
(a2), (a4), (b), (f1), (g) and (h1)] indicate that φ→∞ and therefore x2 ≡ φθ˙ →∞ as well.
However, this limit is in contradiction to Table 3.3 for x2 showing that these seven critical
points are not physically acceptable.
All fixed points reproduce the previous results in the literature [39,55,111] and they are
generalizations of those analyses, with same stability behavior for the critical points. This
indicates that the degree of freedom due to the complex scalar has no effect on the stability
and on the evolution of the system of equations, when compared with the case of real scalar
field.
In Figs. 3.5 and 3.6 we show the effective equation of state weff and the density parameter
for dark energy Ωφ, respectively, as a function of Q for the point (h2) (see Table 3.3). Notice
that depending on the value of Q, the universe does not exhibit an accelerated expansion
for this fixed point, as we see from the horizontal line in Fig. 3.5. The values of Q, at which
they reach the upper limits of Eq. (3.31) and Ωφ, are, of course, the same. This feature can
also be checked from Figs. 3.3 and 3.6. This fixed point is a tachyonic-dominated universe
5The case for xf = 0 is the fixed point (e).
6Q→ +∞ for the plus sign in xf and Q→ −∞ for the minus sign in xf .
7We used the plus sign in xf (3.36) for Figs. 3.3 and 3.4, but the minus sign shows similar behavior, with
Q < 0 due to Eq. (3.31), satisfied for λ < 0. The graphics for this case are reflections in the ordinate axis.
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Figure 3.3: Restriction x2f +y
4
f as a function of the coupling Q, for λ = 0, 1, 2, 4 and 8. The horizontal
line shows the upper bound for the restriction. Thus the fixed point does not exist for some values
of λ and Q.
Figure 3.4: Fixed point yf as a function of the coupling Q, for λ = 1, 2, 4 and 8.
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Figure 3.5: Effective equation of state for the fixed point (h1) or (h2) as function of Q for λ = 1, 2, 4
and 8. The horizontal line (weff = −1/3) shows the border of acceleration and deceleration.
Figure 3.6: Density parameter of the dark energy Ωφ as a function of Q, for λ = 1, 2 and 4. We show
in the horizontal line the limit Ωφ = 1, which does not allow a range of values of Q.
only for a range of values of λ with specific Q. We have Ωφ = 1 for λ = 1 and Q ≈ 1.35,
and for λ = 2 and Q ≈ 0.35, for instance. The effective equation of state for these two
values is weff = −0.72 and −0.29, respectively. Thus the former weff implies an accelerated
expansion, while the latter weff does not.
The fixed point (h2) is stable. The eigenvalues µ4 and µ5 are always negative because
weff is between 0 and −1. The first eigenvalue is also negative because Ωφ ≤ 1, thus
x2f − 1 ≤ xfyfλ√3 − 1, therefore
xfyfλ√
3
≥ x2f , since xf is always positive. Therefore, the point
(h2) can lead to a late-time accelerated universe, depending on the value of λ and Q. Its
behavior is shown in Fig. 3.7, for λ = 1 and Q = 1.35.
Summary
The critical points shown in the tachyonic case describe the three phases of the uni-
verse: the radiation-dominated era, the matter-dominated era, and the present dark-energy-
dominated universe. The matter-dominated universe can be described by the saddle point
(a3). There are two points that can represent the radiation-dominated era: (c) and (d). The
two are saddle points, with the additional difference that the point (d) has an equation of
state for dark energy equal to −1.
A tachyonic-dominated universe is described by the points (f2) and (h2). The point (f2)
can be stable only if the coupling is zero or λ < 0. The last fixed point (h2) is stable and
can describe an accelerated universe depending on the value of λ and Q.
From all the critical points, the cosmological transition radiation → matter → dark
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Figure 3.7: Phase plane xf −−yf for λ = 1 and Q = 1.35. The tachyonic-dominated solution (h2) is
a stable point at x ≈ 0.53 and y ≈ 0.92.
energy is achieved considering the following sequence of fixed points: (c) or (d) → (a3)
→ (f2) [λ dependent] or (h2) [Q and λ dependent]. Although the sequence is viable, the
form of the potential dictates whether the fixed points are allowed or not. Among several
possibilities in the literature, the potential V (φ) ∝ φ−n, for instance, leads to a dynamically
changing λ (either if λ → 0 for 0 < n < 2, or λ → ∞ for n > 2) [110]. A dynamically
changing λ is allowed for the fixed points (a3), (c) and (d). On the other hand, points (f2)
and (h2) require a constant λ, implying V (φ) ∝ φ−2 [39, 52,108,109].
3.2.4 Overall summary
In this section we presented the coupled dark energy using a complex scalar field, in the
light of the dynamical system theory. There were analyzed three possibilities: quintessence,
phantom and tachyon field. All three possibilities are known in the literature for the real
field [32, 39, 61], and for uncoupled and complex quintessence field [56]. Thus a natural
question that arises is how a complex scalar field changes the previous results and if there are
new fixed points due to the complex field. Although some equations for the dimensionless
variables are trivial extensions of the real field case (e.g. the equation of state for the
scalar field), the differential equations were generalized. All fixed points found here are in
agreement with the previous results, with no new fixed points, however, there are some crucial
differences. For the quintessence and the phantom there is a contradiction between the fixed
points x2 and x3 when the latter is zero. This situation occurs for almost all fixed points
and the only two exceptions are unstable points that represent respectively the radiation and
matter era, so the dark-energy-dominated universe is absent. Therefore the extra degree of
freedom spoils the results known in the case of real scalar field. For the tachyon field all
the critical points are also similar to the real field case, with same stabilities. Therefore, the
extra degree of freedom due to the complex tachyon field plays no role on the stability of
the critical points. Although the results presented here enlarge the previous results found
in the literature, with the generalization of the equations of motion, the dynamical system
theory does not provide further information in what is already known for the case of real
scalar field, letting open the possibility of studying complex scalar fields by other ways of
analysis.
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3.3 Dynamical analysis for a vector-like dark energy
3.3.1 Vector-like dark energy dynamics
The Lagrangian for three identical copies of an abelian field (called cosmic triad in [24]),
here uncoupled to matter, is given by
LA = −
√−g
3∑
a=1
(
1
4
F aµνF aµν + V (A
a2)
)
, (3.38)
where F aµν = ∂µA
a
ν − ∂νAaµ and V (A2) is the potential for the vector field, which breaks
gauge invariance, with Aa2 ≡ AaµAaµ. The energy-momentum tensor of the field is obtained
varying the Lagrangian (3.38) with respect to the metric and it is TAµν =
∑3
a=1 T
a
µν , where
T aµν =
[
F aµρF
aρ
ν + 2
dV
dAa2
AaµA
a
ν − gµν
(
1
4
F aρσρσ + V (A
2)
)]
. (3.39)
Varying Eq. (3.38) with respect to the fields Aaµ gives the equations of motion
∂µ
(√−gF aµν) = 2√−gV ′Aaν , (3.40)
where from now on we use V ′ ≡ dV
dAa2
.
In an expanding universe, with FLRW metric and scale factor a, each one of the three
vectors should be along a coordinate axis with same magnitude. An ansatz for the i com-
ponents of the vector Aaµ compatible with homogeneity and isotropy is
Aai = δ
a
i A(t) , (3.41)
where a scalar product with an unit vector is implicit. From Eq. (3.40) the component Aa0
is zero and using Eqs. (3.41) into (3.40) the equation of motion becomes
A¨+HA˙+ 2V ′A = 0 . (3.42)
The pressure and energy density for the cosmic triad is obtained from Eq. (3.39)
ρA =
3A˙2
2a2
+ 3V , (3.43)
pA =
A˙2
2a2
− 3V + 2V ′A
2
a2
. (3.44)
With this ansatz8 the potential depends now on V (3A2/a2) and the prime is the derivative
with respect to 3A2/a2. We assume that the potential is given by V = V0e
− 3λA2
a2 , where V0 is
a constant. With this form the quantity −V ′/V will be constant, as we will see soon. Thus,
for the comoving vector Aaic = A
a
i ·a (as used in [24]), the potential does not have an explicit
dependence on the scale factor. If the cosmic triad were massless, we would have A˙ ∝ a−1,
thus ρA ∝ a−4, as it should be for relativistic matter.
8In [24] the author used a comoving vector ansatz: Aaµ = δ
a
µA(t) · a. This choice leads, of course, to a
different equation of motion, energy density and pressure. However, the effect due to the scale factor that
here appears in the denominator of ρA and pA, for instance, appears as a Hubble friction term (HA˙) in the
same expressions.
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Inspired by the quintessence case [31, 32], where the coupling is Qρmφ˙, we assume the
phenomenological interactionQ = 3QρmA˙/a for the vector dark energy, where Q is a positive
constant. The coupling has this form in order to the right-hand side of the Proca-like equation
(3.42) to be no longer zero but to equal Qρm. The case with negative Q is the same of the
case with Q > 0 but with negative fixed point x, defined soon. In the presence of a barotropic
fluid, the Friedmann equations are
H2 =
1
3
(
3A˙2
2a2
+ 3V + ρm
)
, (3.45)
H˙ = −1
2
(
2A˙2
a2
+ 2V ′
A2
a2
+ (1 + wm)ρm
)
. (3.46)
We now proceed to the dynamical analysis of the system.
Autonomous system
The dimensionless variables are defined as
x ≡ A˙√
2Ha
, y ≡
√
V (φ)
H
, z ≡ A
a
, λ ≡ −V
′
V
, Γ ≡ V V
′′
V ′2
. (3.47)
The dark energy density parameter is written in terms of these new variables as
ΩA ≡ ρA
3H2
= x2 + y2 , (3.48)
so that Eq. (3.45) can be written as
ΩA + Ωm = 1 , (3.49)
where the density parameter of the barotropic fluid is defined by Ωm = ρm/(3H
2). From
Eqs. (3.48) and (3.49) x and y are restricted in the phase plane by the relation
0 ≤ x2 + y2 ≤ 1 , (3.50)
due to 0 ≤ ΩA ≤ 1. The equation of state wA = pA/ρA becomes
wA =
x2 − 3y2 − 2λz2
3x2 + 3y2
. (3.51)
Depending on the value of λ the equation of state can be less than minus one.
The total effective equation of state is
weff =
pA + pm
ρA + ρm
= wm + x
2(13 − wm)− y2(1 + wm)− 23λy2z2 , (3.52)
with an accelerated expansion for weff < −1/3. The dynamical system for the variables x,
y, z and λ are
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Point x y z wA ΩA weff
(a) ±1 0 ±2 1
3
(1− 8λ) 1 1
3
(b)
√
2Q
wm−1/3 0 2x
1
3
(1− 8λ) 2Q2
(wm−1/3)2 6Q
2
(c) 0 1 0 −1 1 −1
µ1 µ2 µ3
(a) −1 1± 3(√2Q− wm) 2 + 6(2−
√
2)λ
(b) −1 − 1
2
+ 9Q2 3
2
+Q2(9 + 108(2−√2)λ)
(c) −3(1 + wm) − 32 (1 +
√
1 + 8
√
2λ) − 3
2
(1−
√
1 + 8
√
2λ)
Table 3.5: Critical points (x, y and z) of Eq. (3.53) for the vector-like dark energy. The table shows
the correspondent equation of state for the dark energy (3.51), the effective equation of state (3.52),
the density parameter for dark energy (3.48) and the eigenvalues of the Jacobian matrix.
x′ = −x+
√
2y2zλ− 3Q√
2
(1− x2 − y2)− x
[
yz2λ− x2 + y2 − 1 + 3wm
2
(1− x2 − y2)
]
,
(3.53)
y′ = −3yzλ(
√
2x− z)− y
[
y2z2λ− 2x2 − 3
2
(1 + wm)(1− x2 − y2)
]
, (3.54)
z′ = 2x− z , (3.55)
λ′ = −6λ2z (Γ− 1) (
√
2x− z) , (3.56)
where the prime is the derivative with respect to N .
Critical points
The fixed points of the system are obtained by setting x′ = 0, y′ = 0, z′ = 0 and λ′ = 0
in Eq. (3.53). When Γ = 1, λ is constant the potential is V (A2) = V0e
−3λA2
a2 .9 Different
from the scalar field case, where V = V0e
−λφ, the exponent of the potential also depends
on the scale factor a. The fixed points are shown in Table 3.5 with the eigenvalues of the
Jacobian matrix. Notice that y cannot be negative.
The point (a) corresponds to a radiation solution, once weff = 1/3. It can be a saddle
or a stable point, depending on the value of Q and λ. However, the universe is dominated
by the cosmic triad, as indicated by ΩA = 1, and therefore the fixed point does not describe
a radiation-dominated universe, since Ωm = 0. The point (b) is valid only for wm 6= 1/3 and
it is a saddle point, since two eigenvalues are negative and one is positive. Since y = 0 for
this critical point, x2 should be less than or equal to one (since ΩA ≤ 1), so the coupling
should be Q ≤ 1/√2. However, this critical point can describe a matter-dominated universe
only if Q = 0 or sufficiently small Q  1, so that weff ≈ 0, as so for ΩA. The last fixed
point (c) is an attractor and describes a dark-energy dominated universe (ΩA = 1) that
leads to an accelerated expansion of the universe, since wA = weff = −1. It is a stable
spiral if λ < −1/(8√2), otherwise it is a saddle point. The potential for this condition
for λ is V = V0e
3|λ|z2 and it behaves as the cosmological constant at the fixed point, since
z ≡ A/a = 0 for (c). Once the coupling is constant and sufficiently small (to the fixed point
9The equation for λ is also equal zero when z = 0 or λ = 0, so that λ should not necessarily be constant,
for the fixed point with this value of z. However, for the case of dynamical λ, the correspondent eigenvalue
is equal zero, indicating that the fixed points are not hyperbolic.
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Figure 3.8: Phase portrait of the system, with Q = 0 and λ = −0.3. All trajectories converge to
the attractor (c) at x = 0, y = 1 and z = 0, which is a stable spiral that describes the dark-energy
dominated universe. The top panel shows the slice z = 0, while the bottom panel shows the phase
plane at y = 1.
(b) describe the matter-dominated universe), it has the same value, of course, for the point
(c).
We show the phase portrait of the system in Figs. 3.8 (Q = 0) and 3.9 (Q = 1/
√
6). The
latter case is shown just to illustrate how the interaction affects the phase portrait, although
we expect a very small Q, as discussed for the fixed point (b). We see that all trajectories
converge to the attractor point.
In Fig. 3.10 we show the effective equation of state weff (3.52) as a function of the dark
energy density parameter ΩA (3.48), where the blue shaded region represents the allowed
values of weff and ΩA. The red line shows the transition from the fixed point (b) (ΩA = 0)
to the fixed point (c) (ΩA = 1).
3.3.2 Summary
In this section we used the dynamical system theory to investigate if a vector-like dark
energy, similar to [24], in the presence of a barotropic fluid can lead to the three cosmological
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Figure 3.9: Phase portrait of the system, with Q = 1/
√
6 and λ = −0.3. All trajectories converge to
the attractor (c) at x = 0, y = 1 and z = 0, which is a stable spiral that describes the dark-energy
dominated universe. The panel shows only the slice z = 0 because the phase plane for y = 1 is similar
to that one showed in Fig. 3.8.
Figure 3.10: Effective equation of state weff (3.52) as a function of the dark energy density parameter
ΩA (3.48). This parametric plot is independent of Q, once both weff and ΩA have no explicit
dependence on the interaction. The blue shaded region represents the allowed values of weff and
ΩA. We used wm = 0 since this is the only allowed value for the fixed point (b). The red line shows
the transition from the fixed point (b) (ΩA = 0) to the fixed point (c) (ΩA = 1).
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eras, namely, radiation, matter and dark energy. The analysis was generalized for the case of
coupled dark energy, with a phenomenological interaction 3QA˙ρm/a. There are fixed points
that successfully describe the matter-dominated and the dark-energy-dominated universe.
Only the radiation era was not cosmologically viable, however, if one is interested in the last
two periods of the evolution of the universe, the dynamical system theory provides a good
tool to analyze asymptotic states of such cosmological models.
Chapter 4
Supergravity-based models
In this chapter we use supergravity to build dark energy models. In Sect. 4.1 we review
the basics of minimal supergravity, including the mechanism of spontaneous (local) super-
symmetry breaking. We follow the references [112–114] in the first section. The new results
presented in Sects. 4.2 and 4.3 are based on [81,83].
4.1 Basics of Minimal Supergravity
4.1.1 From Wess-Zumino to minimal Supergravity model
Supergravity is the supersymmetric theory of gravity, understood also as the theory with
local supersymmetry. In order to see this latter point, which is deeply related with the former
one, we start with the Wess-Zumino model. A complex scalar field φ and its supersymmetric
fermionic field χ are described by the following Lagrangian [112] in on-shell representation1
LWZ = ∂µφ∂µφ∗ + i∂µχ¯σ¯µχ , (4.1)
which is invariant (up to a total derivative) under the supersymmetric transformations
δφ =
√
2ξχ , (4.2a)
δχ = i
√
2σµξ¯∂µφ , (4.2b)
where ξ is a grassmannian parameter associated with the global SUSY transformations. The
generator of these transformations (4.2) obeys the relations
{QαA, Q¯β˙B} = 2σµαβ˙Pµδ
A
B (4.3a)
{QαA, QβB} = {Q¯α˙A, Q¯β˙B} = 0 (4.3b)
[Pµ, Qα
A] = [Pµ, Q¯α˙A] = 0 (4.3c)
[Pµ, Pν ] = 0 (4.3d)
1The on-shell representation is written for the sake of simplicity, in the off-shell case it is necessary to
introduce auxiliary fields, in order for the bosonic degrees of freedom to match the fermionic ones.
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where Eq. (4.3d) is indicated to complete the SUSY algebra. Capital indices (A,B, . . .) refer
to an internal space and run from 1 to N > 1, but here we consider N = 1. Indices with
the first part of the Greek symbols (α, β, . . ., α˙, β˙, . . .) run from one to two and denote
two-component Weyl spinors, with the dotted indices for the complex conjugate components.
When the SUSY tranformations (4.2) are promoted to be local (ξ = ξ(x)), variation of
Eq. (4.1) yields the extra terms
δLWZlocal =
√
2[(∂µξ)σ
ν σ¯µχ∂νφ
∗ + χ¯σ¯µσν(∂µξ¯)∂νφ] + total deriv.
≡ (∂µξ)Jµ + h.c.+ total deriv. , (4.4)
which are those ones that survive after using Euler-Lagrange equations, where
Jµ ≡
√
2σν σ¯µχ∂νφ
∗ (4.5)
is the Noether current associated with the invariance of the Lagrangian (4.1) under SUSY
transformations (4.2).
As usual in quantum field theory, we coupled the current with a gauge field ψµ, then this
contribution is
LψJ = − i
2
κψµJ
µ + h.c . (4.6)
where κ is a generic coupling constant. The field ψµ has both spinor and vector indices, and
it is build from the representation(
1
2
,
1
2
)
⊗
(
1
2
, 0
)
=
(
1,
1
2
)
⊕
(
0,
1
2
)
, (4.7)
where
(
1
2 ,
1
2
)
represents a vector with total spin 1 and
(
0, 12
)
represents a right-handed spinor
with spin 12 . The result
(
1, 12
)
has total spin 32 and besides the helicities ±32 , it has helicity
±12 from the spin 32 , and helicities ±12 from the right-handed spinor in the right hand side.
The same occurs for the right-handed spinor. As we will see soon, all helicities ±12 vanish
with spinor equations.
The variation of LψJ gives
δLψJ = − i
2
κ[(δψµ)J
µ + ψµ(δJ
µ)] + h.c . (4.8)
Then, if the gauge field ψµ transforms as
δψµ =
2
κ
∂µξ (4.9)
the first term in right-hand side of Eq. (4.8) cancels the same terms in Eq. (4.4).
The second term will be canceled out as follows. The SUSY algebra (4.3) yields the
energy-momentum tensor Tµ
ν as an anticommutator
{Q¯α˙, Jαν} = 2σαα˙µTµν + S.T. , (4.10)
where the Schwinger terms (S.T.) have zero vacuum expectation value [112]. With this
relation, we find
− i
2
κψµ(δJ
µ) + h.c. =
i
2
k(ψµσν ξ¯ + ψνσµξ¯ + ψ¯µσ¯νξ + ψ¯ν σ¯µξ)T
µν , (4.11)
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which can be canceled out if we change the Lagrangian (4.1) by its version in a curved
spacetime
LWZ →
√−g(∂µφ∂µφ∗ + i∂µχ¯σ¯µχ) ≡ Llocal . (4.12)
With this change, the variation of the Lagrangian has now a component due to the metric
δLlocal
δgµν
δgµν +
√−gδL˜WZ = 0 . (4.13)
But the second term is what we have found so far, that is, the variation of LWZ + LψJ ,
which is Eq. (4.11). The energy-momentum tensor can be defined as
Tµν ≡ 2√−g
δLlocal
δgµν
, (4.14)
thus
1
2
Tµνδgµν =− δ(LWZlocal + LψJ) (4.15)
=− i
2
k(ψµσν ξ¯ + ψνσµξ¯ + ψ¯µσ¯νξ + ψ¯ν σ¯µξ)T
µν ,
which implies
δgµν = −ik(ψµσν ξ¯ + ψνσµξ¯ + ψ¯µσ¯νξ + ψ¯ν σ¯µξ) . (4.16)
The overall result is that when we promote the supersymmetry from a global symmetry
to a local one, we need to introduce the gauge field ψµ and curvature η
µν → √−ggµν in
order to cancel out the extra contribution due to ξ(x) in the variation of the Lagrangian.
A more convenient treatment is done, actually, in terms of the vielbein eµ
a instead of the
metric, whose variation is
δeµ
a = −ik(ξσaψ¯µ + ξ¯σ¯aψµ) . (4.17)
Since gravity is introduced in a “natural” way, the coupling is expected to be k = M−1pl ,
and the theory of local supersymmetry is called supergravity, whose multiplet is the vielbein
eµ
a and the gravitino ψµ.
4.1.2 Minimal Supergravity
The on-shell Supergravity Lagrangian is given by the sum of the Einstein-Hilbert La-
grangian with the Rarita-Schwinger Lagrangian2 [113]
e−1LSugra = R
2
− 1
2
Ψ¯µγ
µνρDνΨρ , (4.18)
where e means the determinant of eµ
a. Here, gravitino covariant derivative is given by
DνΨρ ≡ ∂νΨρ + 1
4
ωνabγ
abΨρ , (4.19)
where ωνab is the spin connection, γ
ab ≡ 12 [γa, γb] and in Eq. (4.18) γµνρ ≡ 12{γµ, γνρ}. The
Christoffel connection term ΓσνρΨσ is not included in Eq. (4.19) because Γ
σ
νρ is symmetric
while γµνρ is antisymmetric, in such a way that this term vanishes in the Lagrangian LSugra.
2In four dimensions γµνρ = 1
2
µνρσγσγ5 for Majorana spinors.
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The supersymmetric transformations of LSugra are [113]
δeµ
a =
1
2
ξ¯γaΨµ , (4.20a)
δΨµ = Dµξ ≡ ∂µξ + 1
4
ωνabγ
abξ , (4.20b)
where obviously ξ = ξ(x). Thus, LSugra is invariant under (4.20). In the presence of matter,
the gravitino transformation above contains more terms due to the extra fields.
4.1.3 Super-Higgs mechanism
In this section we present the mechanism of Super-Higgs, in which gravitino acquires mass
by absorving the goldstone fermion. This mechanism of spontaneous symmetry breaking
occurs in much the same way as the bosons W± and Z0 obtain mass in the breakdown of
the gauge symmetry of the electroweak interactions [115]. In the presence of matter fields,
supergravity Lagrangian has the form shown below [112], where we consider the supergravity
multiplet coupled with “several” Wess-Zumino multiplet {φi, χi}
e−1L =− R
2
+ µνρσψ¯µσ¯νDρψσ − gij∗∂µφi∂µφ∗j − igij∗χ¯j σ¯µDµχi − 1√
2
gij∗∂µφ
∗jχiσµσ¯νψµ
− 1√
2
gij∗∂µφ
jχ¯iσ¯µσνψ¯µ + e
−1L(2f) + e−1L(4f) − V , (4.21)
where
Dµχ =∂µχi + χiωµ + Γijk∂µφjχk −
1
4
(Kj∂µφ
j −Kj∗∂µφj∗)χi . (4.22a)
Dµψν =∂µψν + ψνωµ + 1
4
(Kj∂µφ
j −Kj∗∂µφj∗)ψν , (4.22b)
e−1L(2f) =eK/2
[
W ∗ψµσµνψν +Wψ¯µσ¯µνψ¯ν +
i√
2
DiWχ
iσµψ¯µ +
i√
2
Di∗W ∗χ¯iσ¯µψµ
+
1
2
DiDjWχiχj + 1
2
Di∗Dj∗W ∗χ¯iχ¯j
]
, (4.22c)
V =eK [gij∗(DiW )(DiW )∗ − 3WW ∗] , (4.22d)
DiW =Wi +KiW , (4.22e)
DiDjW =Wij +KijW +KiDjW −KiKjW − ΓkijDkW . (4.22f)
with Γkij = K
kl∗Kijl∗ and lower indices indicate derivatives with respect to φ
i. The L(4f)
term means the coupling of four fermions, which does not play a relevant role for gravitino
mass. In the expressions above K ≡ K(φi, φi∗) is the Ka¨hler potential, a real function of
the scalar and its conjugate, and W ≡ W (φi) is the superpotential, a holomorphic function
of φi. It is interesting to note that when supergravity is unbroken DiW = 0, therefore the
mixing between gravitino and fermions vanishes.
To realize what is the gravitino mass, the following Ka¨hler transformation is done
K → K + logW + logW ∗ ≡ G . (4.23)
This transformation can be done only if 〈W 〉 6= 0, and this assumption has a deep
meaning. The potential in Eq. (4.22) is zero if supergravity is unbroken and 〈W 〉 = 0, what
does not allow the Ka¨hler transformation (4.23) due to the logarithm, therefore the gravitino
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remains massless. In the case of broken supergravity a vanishing cosmological constant is
only achieved if there is a contribution of the negative part in the potential, therefore the
transformation (4.23) can be done and we go further.
The kinetic terms in the supergravity Lagrangian and the Ka¨hler metric are left invariant
under a Ka¨hler transformation. The new quadratic part in Eq. (4.22) is found performing
the following replacements:
K → G, W → 1
DiW → Gi, Kij → Gij
DiDjW → Gij +GiGj − ΓkijGk .
(4.24)
The Christoffel symbol Γkij also does not change. Then L(2f) yields
e−1L(2f) =eG/2
[
ψµσ
µνψν + ψ¯µσ¯
µνψ¯ν +
i√
2
Giχ
iσµψ¯µ +
i√
2
Gi∗χ¯iσ¯µψµ
+
1
2
(∇iGj +GiGj)χiχj + 1
2
(∇i∗Gj∗ +Gi∗Gj∗)χ¯iχ¯j
]
, (4.25)
where the covariant derivative is ∇iGj ≡ Gij − ΓkijGk. The potential V becomes
V = eG [gij∗GiGj∗ − 3] . (4.26)
We can see that the mixing still exist, thus, in order to get the mass of the fermions, the
spinor mass matrix can be diagonalized to get rid of the mixing. A field redefinition play
the necessary role as well, and an easy way to see this is transform L(2f) in the Majorana
basis
e−1L(2f) = e
G/2
2
[
Ψ¯µγ
µνΨν + i
√
2η¯γµΨµ + η¯η + (∇iGjχiχj + h.c.)
]
, (4.27)
where η ≡ Giχi is the Goldstone fermion, called goldstino. Using γµνγν = 3γµ and the field
redefinition [112]
Ψ˜µ = Ψµ +
i
6
√
2γµη (4.28)
the mixing is eliminated and the Lagrangian (4.27) has now only diagonal terms
e−1L(2f) = e
G/2
2
Ψ¯µγ
µνΨν +
eG/2
2
[(
∇iGj + 1
3
GiGj
)
χiχj + h.c.
]
. (4.29)
Finally, the mass of the gravitino and the spinor mass are
m3/2 ≡ 〈eG/2〉 , (4.30)
mij ≡
〈
eG/2
(
∇iGj + 1
3
GiGj
)〉
. (4.31)
We have seen that gravitino acquires mass by absorbing the goldstino, with their masses
given above. This process is also a gauge choice, in such a way that goldstino can be
eliminated and the gauge invariance no longer keeps the gravitino massless, bringing back
the helicity ±12 of the gravitino, which is predominant for light gravitino. If the potential V
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has an extremum value 〈∂V/∂φk〉 = 0 and the resulting cosmological constant is zero, the
following conditions come from Eq. (4.26)
〈GiGi〉 = 3 (4.32)
〈Gj∇iGj +Gi〉 = 0 , (4.33)
where Gi ≡ gij∗Gj∗ , which leads to a zero spinor matrix mass (4.31), therefore a massless
goldstino.
4.1.4 Rarita-Schwinger field equations
Massless field
For the massless spin-3/2 particle, Rarita-Schwinger Lagrangian is
LRS = −1
2
Ψ¯µγ
µνρ∂νΨρ , (4.34)
with the equation of motion
γµνρ∂νΨρ = 0 . (4.35)
Using γµγ
µνρ = (D − 2)γνρ, yields γνρ∂νΨρ = 0, and noting that γµνρ = γµγνρ − 2ηµ[νγρ],
Eq. (4.35) implies
γµ(∂µΨν − ∂νΨµ) = 0 . (4.36)
From the discussion of Eq. (4.7) we see that since the free spin-3/2 particle is massless,
it has only two degrees of freedom, thus we can choose a gauge, as the following
γiΨi = 0 . (4.37)
The ν = 0 and ν = i components of Eq. (4.36) are
γi∂iΨ0 − ∂0γiΨi = 0 , (4.38)
γ · ∂Ψi − ∂iγ ·Ψ = 0 . (4.39)
With this gauge choice, the first equation yields ∇2Ψ0 = 0, so Ψ0 = 0 and the second one
leads to the Dirac equation for the spatial components Ψi
γ · ∂Ψi = 0 , (4.40)
which is a time evolution equation. However, contracting the equation above with γi yields
another constraint ∂iΨi = 0.
Then, from the gauge condition (4.37) and the equation of motion we get 3 × 2D/2
independent constraints
γiΨi = 0 ,
Ψ0 = 0 ,
∂iΨi = 0 .
(4.41)
Since Ψµ has D×2D/2 components, the number of on-shell degrees of freedom of the massless
Rarita-Schwinger field is 12(D − 3)2D/2. Thus, in D = 4 the massless field with the gauge
condition has only the helicitites ±3/2.
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Massive field
For the massive spin-3/2 particle, Rarita-Schwinger Lagrangian is
LRS = −1
2
Ψ¯µγ
µνρ∂νΨρ +
m3/2
2
Ψ¯µγ
µνΨν . (4.42)
Using the Euler-Lagrange equation, we get the equation
γµνρ∂νΨρ −m3/2γµνΨν = 0 . (4.43)
Operating ∂µ in the equation above yields
m3/2(/∂γ
νΨν − γν /∂Ψν) = 0 , (4.44)
and if Ψν is massive (m3/2 6= 0)
/∂γνΨν − γν /∂Ψν = [/∂, γν ]Ψν = 0 . (4.45)
Applying γµ on Eq. (4.43) yields
/∂γνΨν − γν /∂Ψν + 3m3/2γνΨν = 0 , (4.46)
then, using Eq. (4.46), for a massive field
γνΨν = 0 . (4.47)
With this results is possible to write other condition
∂νΨν = 0 . (4.48)
Therefore, using Eqs. (4.45), (4.47) and (4.48), Eq. (4.43) can be written in the form of
a Dirac equation
(/∂ +m3/2)Ψ
µ = 0 , (4.49)
which shows that this is the free field of a particle of mass m3/2 and spin-3/2.
We see that the equation of motion (4.43) splits into three equations: two spinor con-
straints (4.47) and (4.48), and the Dirac equation version for spin-3/2 particle (4.49).
4.2 Cosmological tracking solution and the Super-Higgs mech-
anism
Supergravity with four supercharges exists in four dimensions at most (that is, N×2D/2 =
4 for N = 1 in D = 4), so in higher dimensions (such as D = 10 in superstring theory) one
needs more supersymmetries. Thus minimal supergravity can be seen as an effective theory
in four dimensions, and can be applied to cosmology at least as a first approximation or a
toy model.3 In the framework of minimal supergravity, Refs. [22,23] were the first attempts
to describe dark energy through quintessence. Moreover, models of holographic dark energy
were embedded in minimal supergravity in [83].
As usual in minimal supergravity, the scalar potential can be negative, so some effort
should be made in order to avoid this negative contribution. In [22] one possibility was to
require 〈W 〉 = 0, for instance.4
3For some models of extended supergravities in cosmology, see [116,117].
4The recent work [118] shows the explicit de Sitter supergravity action, where the negative contribution
of the scalar potential is avoided in another way.
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Supergravity can provide a candidate for dark matter as well, the gravitino [119]. Once
local supersymmetry is broken, the gravitino acquires a mass by absorbing the goldstino,
but its mass is severely constrained when considering standard cosmology. The gravitino
may be the lightest superparticle (LSP) being either stable, in a scenario that preserves
R-parity [119], or unstable, but long-lived and with a small R-parity violation [120, 121].
Another possibility is the gravitino to be the next-to-lightest superparticle (NLSP), so that
it decays into standard model particles or into LSP.
From the cosmological point-of-view, if the gravitino is stable its mass should be m3/2 ≤ 1
keV in order not to overclose the universe [119]. Thus the gravitino may be considered as
dark matter; however such value is not what is expected to solve the hierarchy problem
and the gravitino describes only hot/warm dark matter; then another candidate is needed.
If the gravitino is unstable it should have m3/2 ≥ 10 TeV to decay before the Big Bang
Nucleosynthesis (BBN) and therefore not to conflict its results [122].
These problems may be circumvented if the initial abundance of the gravitino is diluted
by inflation, but since the gravitino can be produced afterward through scattering processes
when the universe is reheated, these problems can still exist. Furthermore, the thermal
gravitino production provides an upper bound for the reheating temperature (TR), in such
a way that if the gravitino mass is, for instance, in the range 10 TeV ≤ m3/2 ≤ 100 TeV, the
reheating temperature should be TR < 10
10 − 1011 GeV [123, 124]. Depending on which is
the LSP, the gravitino mass should be even bigger than 100 TeV [125]. On the other hand,
thermal leptogenesis requires TR ≥ 108−1010 GeV [126,127], which leads also to strict values
for the gravitino mass. All these issues regarding gravitino mass are refered sometimes as
‘gravitino problem’.
In this section we expand the previous results in the literature, taking the spontaneous
breaking of local supersymmetry (SUSY) into account and regarding quintessence in minimal
supergravity. We consider the scalar potential defined by the usual flat Ka¨hler potential
K (which leads to a flat Ka¨hler metric, thus to a canonical kinetic term) and a power-
law superpotential W , whose scalar field ϕ leads to the local SUSY breaking. After this
mechanism (known also as Super-Higgs mechanism), the massive gravitino can decay into
another scalar field Φ. This scalar will play the role of the dark energy and the potential
V (Φ) will be deduced from the original potential V (ϕ). It turns out that the potential V (Φ)
corresponds to the so-called tracker behavior, whose initial conditions for the scalar field do
not change the attractor solution.
The rest of the section is organized in the following manner. In Sect. 4.2.1 we present
the local supersymmetry breaking process, assuming the flat Ka¨hler potential K and a
power-law superpotential W . In Sect. 4.2.2 we relate the previous scalar potential to a new
one, responsible for the accelerated expansion of the universe. Sect. 4.2.3 is reserved for a
summary.
4.2.1 The Super-Higgs mechanism
We start our discussion using a complex scalar field φ = (φR + iφI)/
√
2. We set 8piG =
M−1pl = 1 in the following steps for simplicity. The scalar potential in N = 1 supergravity
depends on a real function K ≡ K(φi, φi∗), called Ka¨hler potential, and a holomorphic
function W ≡ W (φi), the superpotential. We do not consider D-terms, so the potential for
one scalar field is given by
V = eK
[
K−1φφ∗ |Wφ +KφW |2 − 3|W |2
]
, (4.50)
where Kφφ∗ ≡ ∂2K∂φ∂φ∗ is the Ka¨hler metric, Wφ ≡ ∂W∂φ , Kφ ≡ ∂K∂φ . When supergravity is
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Figure 4.1: Potential V (ϕ) as a function of the field ϕ, with λ = 1 (in Planck units), for n = 3/4.
spontaneously broken, the gravitino acquires a mass given by
m3/2 =
〈
eK/2|W |
〉
, (4.51)
where 〈...〉 means the vacuum expectation value.
We use the Ka¨hler potential Kf = φφ
∗, which leads to a flat Ka¨hler metric and the
superpotential W = λ2φn, for real n, with λ being a free parameter. For these choices of K
and W the potential (4.50) is
V = λ4eϕ
2
[n2ϕ2(n−1) + (2n− 3)ϕ2n + ϕ2(n+1)] , (4.52)
where ϕ ≡ (
√
φ2R + φ
2
I)/
√
2 is the absolute value of the complex scalar field. We found that
Eq. (4.52) has extremal points at
ϕ1 =
√
1− n−√1− n , (4.53)
ϕ2 =
√−n , (4.54)
ϕ3 =
√
1− n+√1− n , (4.55)
for n < 0, with ϕ3 being the global minimum, which is also valid for the case 0 < n < 1.
For n < 0 there are two local minima points (ϕ1 and ϕ3) which correspond to V < 0 at
these values. For negative n the potential at ϕ3 corresponds to the true vacuum, while
the potential at ϕ1 corresponds to the false vacuum. For n > 1 ϕ
2 at the minimum point
is negative, but this is not allowed since ϕ is an absolute value. We consider the case of
vanishing cosmological constant, so Eq. (4.52) is zero at the global minimum ϕ3 for n = 3/4.
This fractional number is the only possibility of the potential given by Eq (4.52), which has
V = 0 at the minimum point. This case can be seen in Fig. 4.1. Due to its steep shape, the
potential cannot drive the slow-roll inflation.
SUSY is spontaneously broken at the minimum point ϕ0 ≡ ϕ3 and the gravitino becomes
massive by absorbing the massless goldstino. We estimate the gravitino mass for different
values of λ, which are shown in Table 4.1. The scalar mass has the same order of magnitude
as the gravitino mass, therefore it may also lead to cosmological difficulties in much the
same way as the Polonyi field does [128]. However, such a problem can be alleviated as
the gravitino problem is, i.e., if the scalar mass is larger than O(10TeV) BBN starts after
the decay of the scalar ϕ has finished. From Table 4.1 we see that λ ≥ 1011 GeV does not
spoil BBN. Since the gravitino interactions are suppressed by the Planck mass, the dominant
60 Supergravity-based models
interaction is the one proportional to M−1pl [113], which is, for our purposes, the gravitino
decay only into another complex scalar field (Φ) plus its spin-1/2 superpartner (Ψ→ Φ+χ).5
The decay rate for the gravitino is Γ3/2 ∼ m33/2/M2pl, thus for λ ≥ 1012 GeV, the gravitino
time decay is ≤ 10−3s, hence it does not conflict BBN results. The temperature due to the
decay is T3/2 ∼
√
Γ3/2 ≤ 107 GeV for λ ≤ 1012 GeV, in agreement with [123,124], but with
a gravitino mass one order greater than the range showed in these references. For λ ≥ 1013
GeV we get T3/2 ≥ 1010 GeV.
As a result of the gravitino decay, it also appears a massless spin-1/2 fermion χ, which
behaves like radiation. The χ interactions are also suppressed by the Planck scale because
they are due to four fermions terms (∝ M−2pl ) or through its covariant derivative, whose
interaction is with ∂Φ. Since the fermion χ has a radiation behavior, its cosmological contri-
bution is diluted as the universe expands by a−4. When the universe is radiation-dominated,
ΩΦ is small, as so Φ˙, which implies that the interaction due to the covariant derivative is also
small. Therefore, the contribution of χ can be ignored and the gravitino can decay into dark
energy, whose associated potential for the scalar is going to be deduced from Eq. (4.52).
4.2.2 Dark energy
We first review the complex quintessence as a dark energy candidate, presented in [20].
In this section the quintessence field will be related with the results of the last section and
the corresponding quintessence potential will be deduced from Eq. (4.52).
As seen in Eq. (4.52) the scalar potential depends on the absolute value of the scalar
field, as it is in fact for a complex quintessence field. As in Ref. [20], the complex quintessence
can be written as S = Φeiθ, where Φ ≡ |S| is the absolute value of the scalar and θ is a
phase, both depending only on time. The equations of motion for the complex scalar field
in an expanding universe with FLRW metric and with a potential that depends only on the
absolute value Φ (as in our case) has been discussed in Sect. 3.2.1 [20]
Φ¨ + 3HΦ˙ +
d
dΦ
(
ω2
2a6
1
Φ2
+ V (Φ)
)
= 0 , (4.56)
where a is the scale factor and the first term in the brackets comes from the equation of
motion for θ (3.5), with ω being an integration constant interpreted as angular velocity [20].
This term drives Φ away from zero and the factor a−6 may make the term decrease very
fast, provided that Φ does not decrease faster than a−3/2. This situation never happens for
our model, so that the contribution due to the phase component θ decreases faster than the
matter density ρm (proportional to a
−3). Furthermore, if ω is small the complex scalar field
behaves like a real scalar. From all these arguments, we neglect the complex contribution in
the following.
After supergravity is spontaneously broken, the scalar field ϕ may oscillate around
V (ϕ0) = 0 and the massive gravitino can decay into the scalar field Φ. Since the scalar
ϕ oscillates around V (ϕ0) = 0 before decay, we perform the following steps. We assume the
dark energy, given by the field Φ, has a similar potential to the one in Eq. (4.52). Then, we
just shift the scalar potential from V (Φ) to V (Φ− Φ0), thus the minimum point goes from
Φ0 6= 0 to Φ0 = 0. The Taylor expansion of V (Φ) around the new minimum Φ = Φ0 = 0
(for n = 3/4) leads to a natural exponential term eΦ
2 ≈ 1. All these procedures give rise to
5Although the interaction with a gauge field is also ∝ M−1pl we do not consider it for simplicity, since
we have also not considered D-terms in the scalar potential. Gravitino decay into MSSM particles, such as
photon and photino [123] or neutrino and sneutrino [124], is not considered here.
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λ (GeV) m3/2 (GeV)
1014 1010
1013 108
1012 106
1011 104
1010 102
109 1
108 10−2
107 10−4
106 10−6
Table 4.1: Gravitino masses for different values of λ.
the potential V (Φ)
V (Φ) =
M9/2√
Φ
+O(Φ1/2) . (4.57)
The constant M9/2 is written in this form for convenience. The leading-order term of this
potential (4.57) is an example of the well-known tracking behavior [18,19].
The parameter λ does not have the same order of M9/2, as long as the original shifted
potential was expanded around zero. The order of magnitude of the potential V (Φ) (M9/2)
is determined phenomenologically and can be as 10−47 GeV4. The tracker condition Γ ≡
V V ′′/V ′2 = (α+ 1)/α > 1 (for a generic potential V (φ) ∼ φ−α for α > 0) is satisfied in our
case, where α = 1/2.
The dynamical system analysis of the quintessence field shows that the potential (4.57)
leads to a fixed point in the phase plane, which is a stable attractor [5, 63]. The equation
of state for the quintessence field is given by wΦ = −1 + λ˜2/3, where λ˜ ≡ −V ′(Φ)/V ((Φ)
decreases to zero for the tracking solution. The potential Eq. (4.57) gives an equation of
state wΦ = −0.96, in agreement with the Planck results [3], for λ˜ = 0.35, which in turn is
easily achieved since λ˜ decreases to zero.
As is usual in quintessence models in supergravity, such as in [22, 23], different energy
scales are needed to take both dynamical dark energy and local SUSY breaking into account.
This unavoidable feature is present in our model in the fact that we have needed two different
free parameters λ and M9/2 and they are determined by phenomenological arguments.
4.2.3 Summary
In this section we have analyzed the scalar potential in minimal supergravity using the
traditional flat Ka¨hler potential and the power-law superpotential, whose single scalar field
ϕ is responsible for the Super-Higgs mechanism. The gravitino decays before BBN and
originates other scalar Φ, which is regarded as the dark energy. The scalar Φ had its potential
derived from the potential V (ϕ), where the leading-order term of the expanded potential is
a well-known example that satisfies the tracker condition.
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4.3 Holographic dark energy from minimal supergravity
4.3.1 Holographic dark energy
Another striking attempt to explain the acceleration comes from holography. An effective
quantum field theory in a box of size L with ultraviolet (UV) cutoff Λ has an entropy that
scale extensively, given by S ∼ L3Λ3 [129]. Based on the peculiar thermodynamics of
black holes [130–134], Bekeinstein proposed that the maximum entropy in a box of volume
L3 behaves non-extensively [130–132, 134], growing with area of the box. Moreover, the
degrees of freedom of a physical system also scales with its boundary area rather than its
volume [135, 136]. A system satisfies the Bekenstein entropy bound if its volume is limited
according to
L3Λ3 . L2M2pl , (4.58)
where the RHS is the entropy of a black hole of radius L. The length L acts as an infrared
(IR) cutoff and from Eq. (4.58) it is straightforward that L .M2plΛ−3.
Field theories appear not to be a good effective low energy description of any system
containing a black hole, since infalling particles experience Planck scale interactions with
outgoing Hawking radiation near the horizon. Therefore, they should probably not attempt
to describe particle states whose volume is smaller than their corresponding Schwarzschild
radius. But an effective theory that saturates (4.58) includes states with the Schwarzschild
radius much larger than the box size. This is seen if we recall that effective quantum field
theory is expected to describe a system at a temperature T , provided that T ≤ Λ. Since the
thermal energy is an extensive quantity, it is M ∼ L3T 4 with an entropy S ∼ L3T 3. Eq.
(4.58) is saturated at a temperature T ∼ (M2pl/L)1/3 and the corresponding Schwarzschild
radius is LS ∼M/M2pl = L(LM2pl)2/3  L.
To avoid the difficulties pointed above, Cohen et al. [129] proposed a stronger constraint
on the IR cutoff. Since the maximum energy density in the effective theory is Λ4, the new
constraint is
L3Λ4 . LM2pl . (4.59)
A system at temperature T saturates (4.59) at T ∼ (Mpl/L)1/2 and the corresponding
Schwarzschild radius is now LS ∼ L.
Once a relation between the UV and IR cutoff was established, if ρD is the vacuum energy
density, Eq. (4.59) becomes L3ρD . LM2pl. This last inequality is saturated at [137,138]
ρD = 3c
2M2plL
−2 , (4.60)
where 3c2 is a constant introduced for convenience.
The first choice for L was the Hubble radius H−1. With this choice the Friedmann
equation is 3H2 = ρD + ρm = 3c
2H2 + ρm, so ρm = 3H
2(1− c2) and ρm and ρD behave as
H2. The ρm scales with a
−3, as so ρD, thus the dark energy is pressureless and its equation
of state is wm = 0 [137]. The correct equation of state for dark energy was obtained by [138],
when he chose the future event horizon as the IR cutoff. The future event horizon is
RE = a
∫ ∞
t
dt
a
= a
∫ ∞
a
da
Ha2
. (4.61)
Assuming that the dark energy ρD dominates the Friendmann equation 3H
2 = ρD =
3c2R−2E simplifies to HRE = c. Using Eq. 4.61 into HRE = c we can write it as [138]∫ ∞
a
da
Ha2
=
c
Ha
, (4.62)
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which has the solution H−1 = αa1−1/c, with a constant α. The density energy for HDE
becomes
ρD = 3α
2a−2(1−1/c) , (4.63)
hence the equation of state for HDE is
wD = −1
3
− 2
3c
(4.64)
and can describe the accelerated expansion of the universe. For a IR cutoff with the particle
horizon
RH = a
∫ t
0
dt
a
= a
∫ a
0
da
Ha2
(4.65)
the equation of state would be wD = −13 + 23c > −13 .
The problem with the Hubble radius as the IR cutoff could be avoided assuming the
interaction between dark energy and dark matter (DM) [139]. Such interaction was first
proposed in the context of quintessence [31,32], and since the energy densities of the DE and
DM are comparable, the interaction can alleviate the coincidence problem [33, 34]. Taking
the coupling Q = 3b2HρD into account, with constant b, the HDE with Hubble radius as IR
cutoff could lead to an accelerated expansion of the universe and also solve the coincidence
problem [139]. To see this fact, consider the ratio of the energy densities
r ≡ ρM
ρD
=
1− c2
c2
, (4.66)
whose evolution equation is
r˙ = 3Hr
[
w +
(
1 +
1
r
)
b2
]
. (4.67)
The equation of state for dark energy with this interaction is written in terms of the ratio
r as
wD = −
(
1 +
1
r
)
b2 = − b
2
1− c2 (4.68)
and when Eq. (4.68) is used in Eq. (4.66), r˙ = 0, alleviating the coincidence problem.
Li’s proposal could also be generalized assuming the interaction between the two com-
ponents of the dark sector as Q ∝ H(ρM + ρD) [40–43].
Due to the prominent role of the AdS/CFT correspondence [140] to relate both super-
gravity and holography concepts, it is natural to ask if there is any connection between
supergravity (even for N = 1) and HDE. As showed in [141], it is possible to establish a
connection between HDE and different kind of scalar fields, such as quintessence, tachyon
and K-essence, through reconstructed scalar potentials. In Sects. 4.3.2 and 4.3.3 we show
that the HDE in interaction with DM can be embedded in minimal supergravity plus matter
with a single chiral superfield. The interaction between HDE and DM is taken into account
because they are generalizations of some uncoupled cases, namely, the models presented
in [137, 138], thus the correspondent models are good choices to analyze whether they can
be embedded in minimal supergravity or not.
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4.3.2 HDE with Hubble radius as IR cutoff
We use Mpl = 1 from now on for simplicity. First we consider the size L as the Hubble
radius H−1, thus the energy density for the dark energy becomes
ρD = 3c
2H2 , (4.69)
which describes a pressureless fluid [137] in the absence of interaction with dark matter.
When one considers such interaction [139], the fluid has an equation of state that can describe
the dark energy. We consider the interaction Q = 3b2HρD, where b is a constant which
measures the strength of the interaction.
In order to reconstruct a holographic scalar field model we should relate Eq. (4.68)
with the scalar field φ. Using the energy density and the pressure for the scalar field ρφ =
φ˙2/2 + V (φ) and pφ = φ˙
2/2− V (φ), we have
φ˙2 = (1 + wφ)ρφ, V (φ) = (1− wφ)ρφ
2
. (4.70)
Using Eqs. (4.69) and (4.68) into Eq. (4.70) we have the potential [141]
V (φ) = B−2e−
√
2Bφ , (4.71)
where B = 3k
2
√
2c
(
3− 3b2
1−c2
)−1/2
and k = 1− b2c2/(1− c2).
On the other hand, the scalar potential in minimal supergravity with no D-terms is given
by
V = eK
(
KΦΦ¯ |WΦ +KΦW |2 − 3|W |2
)
, (4.72)
for a single complex scalar field. We will use the same choices of Ref. [23] for K and W ,
namely, the string-inspired Ka¨hler potential K = − ln(Φ + Φ¯), which is present at the tree
level for axion-dilaton field in string theory, and the superpotential W = Λ2Φ−α, where Λ is
a constant. With these choices, with the imaginary part of the scalar field stabilized at zero
〈Im Φ〉 = 0 and the field redefinition Re Φ = e
√
2φ, we get the scalar potential expressed in
terms of the canonical normalized field φ
V (φ) =
Λ4
2
(β2 − 3)e−
√
2βφ , (4.73)
where β = 2α + 1. Comparing Eq. (4.71) with Eq. (4.73) we have B = β and Λ2 =√
2/(β
√
β2 − 3), with β2 ≥ 3. Thus, the two parameters b and c determine the exponent
α of the superpotential and the parameter Λ. We notice in this case that Λ is not an
independent parameter, but it depends on b and c as well. Even if we would have a way to
know what is the value of α or rather, β, we could not know the specific values of b and c.
The opposite direction is favored, because once one finds out observationally b and c, the
HDE can be embedded in a specific supergravity model. If there is no interaction (b = 0)
β =
√
3/(2c
√
2), but wD = 0.
The kernel used so far simplifies wD in such a way that Eq. (4.71) has been written with
no need of any approximation. When one considers the other possibilities for the interaction
Q (∝ ρM or ∝ ρM + ρD), the scalar potential cannot be written as easy as it was in Eq.
(4.71). We illustrate this possibility now, but with other IR cutoff.
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4.3.3 HDE with future event horizon as IR cutoff
We will analyze another possibility of HDE with the kernel Q = 3b2H(ρM + ρD) and
with the future event horizon RE = a
∫∞
t dt/a = c
√
1 + r/H as the IR cutoff. The choice of
L is done because when b = 0 the original Li’s model of HDE [138] is recovered. The energy
density for the HDE is
ρD =
3H2
1 + r
(4.74)
and the equation of state for HDE becomes
wD = −1
3
(
1 +
2
√
ΩD
c
+
3b2
ΩD
)
, (4.75)
where ΩD ≡ ρD/(ρD + ρM ) = (1 + r)−1 is the density parameter for DE. Using Eqs. (4.74)
and (4.75) into Eq. (4.70) we have
φ˙2 = 2H2ΩD
(
1−
√
ΩD
c
− 3b
2
2ΩD
)
, (4.76)
V (φ) = H2ΩD
(
2 +
3
√
ΩD
c
+
9b2
2ΩD
)
. (4.77)
From the equations above we see that we have to know the evolution of ΩD in order to fully
determine V (φ) as a function of φ. The evolution equation for ΩD was found in [40] and it
is
Ω′D
Ω2D
= (1− ΩD)
(
1
ΩD
+
2
c
√
ΩD
− 3b
2
ΩD(1− ΩD)
)
, (4.78)
where the prime is the derivative with respect to ln a. To solve this differential equation we
let y = 1/
√
ΩD, thus Eq. (4.78) becomes
y2y′ = (1− y2)
(
1
c
+
y
2
+
3b2y3
2(1− y2)
)
. (4.79)
In order to have an analytic solution of Eq. (4.79) we will investigate the asymptotic
behavior of ΩD, for small and large a. For very small a we have ΩD → 0 and y → ∞,
therefore Eq. (4.79) is approximately
y′ ≈ (1− y2)
(
3b2
2
− 1
2
)
y , (4.80)
which leads to the solution ΩD = Ω0a
−(3b2−1) ≈ Ω0a, provided that b should be small [40].
Since ΩD scales with a, the contribution of the dark energy in the early universe is negligible.
We also see from Eq. (4.76) that the term between brackets should be positive and small,
then φ˙ ∝ H√2ΩD is small. Therefore, we have φ(a) ∼ a1/2. Due to the small contribution
of ΩD, we neglect it at this limit and we will focus on large a, where HDE is dominant.
For large a we have ΩD → 1, and y → 1. Thus, the last term in Eq. (4.79) is the
dominant one, so y′ ≈ 3b22 y, and ΩD = Ω0a−3b
2
, where Ω0 is the value of ΩD at a0 = 1.
Since ΩD = Ω0a
−3b2 = Ω0a−3(1+wD), we have 1 +wD = b2 which is very small if we consider
the present value of wD given by Planck [3]. Thus we neglect the last term in Eq. (4.76)
and we assume the dark energy dominance. We have ΩD = Ω0 ≈ 1 at large a and Eq. (4.76)
yields
φ˙2 ≈ 2H2ΩD
(
1− 1
c
)
. (4.81)
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The equation above implies that wD ≈ −13(1 + 2/c), which is the Li’s proposal [138]. Eq.
(4.81) has the solution
φ(a) =
(
1− 1
c
)1/2√
2ΩD ln a . (4.82)
The second Friedmann equation at large a leads to H = 3c(c−1)t and a = t
3/(c−1). The
scalar potential (4.77) becomes
V (φ) ≈
(
2 +
3
c
)
H2 =
(
2 +
1
c
)
9c2
(c− 1)2 e
− 1
3(
c−1
c )
1/2
φ . (4.83)
Similarly to before, comparing Eq. (4.83) with Eq. (4.73) we see that both β and Λ
are determined by the constant c. Eq. (4.83) was deduced for a dark-energy-dominated
universe, in such a way that the interaction with dark matter is absent, as it should be in
this limit.
A more realistic scenario could not be found analytically, in opposite to the previous
case, where the scalar potential was written with no approximations. Different kernels for
the coupling Q may be tried, although the main features of the method were expressed in
these two cases. The other alternatives are similar.
4.3.4 Summary
In this section we embedded two models of HDE in the minimal supergravity with one
single chiral superfield. In the first model we used the Hubble radius as the IR cutoff and
an interaction proportional to ρD, while in the second one we used the future event horizon
as IR cutoff and the kernel proportional to ρD + ρM . In both cases the free parameters of
our superpotential could be expressed in terms of the constants c and b, depending on the
model. The second case is embedded only for a dark-energy-dominated universe, while the
first one is more general. There are other ways to embed HDE in minimal supergravity,
as for instance the choices of Ka¨hler potential and superpotential made in [142] for the
inflationary scenario. However, the main results are the same, that is, a way to relate HDE
and supergravity. Due to the nature of the holographic principle and recalling that extended
supergravity is the low-energy limit of string theory, the relation presented here has perhaps
a deeper meaning, when one takes a quantum gravity theory into account. Such idea was
explored in [143].
Chapter 5
Metastable dark energy
The chapter is structured as follows. In Sect. 5.1 we present a model of metastable dark
energy. It is embedded into a dark SU(2)R model in Sect. 5.2 and we summarize our results
in Sect. 5.3. This chapter is based on our paper [84].
5.1 A model of metastable dark energy
The current stage of accelerated expansion of the universe will be described by a canonical
scalar field ϕ at a local minimum ϕ0 of its potential V (ϕ), while the true minimum of V (ϕ) is
at ϕ± = 〈ϕ〉. The energy of the true vacuum is below the zero energy of the false vacuum, so
that this difference is interpreted as the observed value of the vacuum energy (10−47 GeV4).
We assume that by some mechanism the scalar potential is positive definite (as e.g. in
supersymmetric models) and the true vacuum lies at zero energy. As we will see below this
value is adjusted by the mass of the scalar field and the coefficient of the quartic and sixth-
order interaction. The rate at which the false vacuum decays into the true vacuum state will
be calculated.
The process of barrier penetration in which the metastable false vacuum decays into
the stable true vacuum is similar to the old inflationary scenario and it occurs through
the formation of bubbles of true vacuum in a false vacuum background. After the barrier
penetration the bubbles grow at the speed of light and eventually collide with other bubbles
until all space is in the lowest energy state. The energy release in the process can produce
new particles and a Yukawa interaction gϕψ¯ψ can account for the production of a fermionic
field which can be the pressureless fermionic dark matter. However, as we will see, the
vacuum time decay is of the order of the age of the universe, so another dominant process
for the production of cold dark matter should be invoked in order to recapture the standard
cosmology.
If one considers a scalar field ϕ with the even self-interactions up to order six, one gets
V (ϕ) =
m2
2
ϕ2 − λ
4
ϕ4 +
λ2
32m2
ϕ6 , (5.1)
where m and λ are positive free parameters of the theory and the coefficient of the ϕ6
interaction is chosen in such a way that the potential (5.1) is a perfect square. This choice
will be useful to calculate the false vacuum decay rate.
The potential (5.1) has extrema at ϕ0 = 0, ϕ± = ± 2m√λ and ϕ1 =
ϕ±√
3
, but it is zero in all
of the minima (ϕ0 and ϕ±). In order to have a cosmological constant, the potential should
deviate slightly from the perfect square (5.1). Once the coupling present in GR is the Planck
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Figure 5.1: Scalar potential (5.1) with arbitrary parameters and values. The difference between the
true vacuum at ϕ± ≈ ±1.2 and the false vacuum at ϕ0 = 0 is ∼ 10−47 GeV4.
mass Mpl it is natural to expect that the deviation from the Minkowski vacuum is due to a
term proportional to M−2pl . Thus we assume that the potential (5.1) has a small deviation
given by ϕ
6
M2pl
. Although the value of the scalar field at the minimum point ϕ± also changes,
the change is very small and we can consider that the scalar field at the true vacuum is still
± 2m√
λ
. The difference between the true vacuum and the false one is
V (ϕ0)− V (ϕ±) ≈ 64m
6
λ3M2pl
. (5.2)
As usual in quantum field theory it is expected that the parameter λ is smaller than one,
thus, if we assume λ ∼ 10−1, the Eq. (5.2) gives ∼ 10−47 GeV4 for m ∼ O(MeV). Bigger
values of λ imply smaller values of m. Therefore, the cosmological constant is determined
by the mass parameter and the coupling of the quartic interaction.
The potential (5.1) with the term ϕ
6
M2pl
is shown in Fig. 5.1.
5.1.1 Decay rate
The computation of the decay rate is based on the semi-classical theory presented in [144].
The energy of the false vacuum state at which 〈ϕ〉 = 0 is given by [145]
E0 = − lim
T→∞
1
T
ln
∫ exp (−SE [ϕ;T ])∏
~x,t
dϕ(~x, t)
 , (5.3)
where SE [ϕ;T ] is the Euclidean action,
SE =
∫
d3x
∫ +T
2
−T
2
dt
[
1
2
(
∂ϕ
∂t
)2
+
1
2
(∇ϕ)2 + V (ϕ)
]
. (5.4)
The imaginary part of E0 gives the decay rate
1 and all the fields ϕ(~x, t) integrated in
Eq. (5.3) satisfy the boundary conditions
ϕ(~x,+T/2) = ϕ(~x,−T/2) = 0 . (5.5)
1As we know from Quantum Mechanics. See for instance the Problem 1.15 from [146].
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The action (5.4) is stationary under variation of the fields that satisfy the equations
δSE
δϕ
= −∂
2ϕ
∂t2
−∇2ϕ+ V ′(ϕ) = 0 (5.6)
and are subject to the boundary conditions (5.5). In order to get the solution of Eq. (5.6)
we make an ansatz that the field ϕ(~x, t) is invariant under rotations around ~x0, t0 in four
dimensions, which in turn is valid for large T [147]. The ansatz is
ϕ(~x, t) = ϕ(ρ) with ρ ≡
√
(~x− ~x0)2 + (t− t0)2 . (5.7)
In terms of the Eq. (5.7), the field equations (5.6) becomes
d2ϕ
dρ2
+
3
ρ
dϕ
dρ
= V ′(ϕ) . (5.8)
The above equation of motion is analogous to that of a particle at position ϕ moving in
a time ρ, under the influence of a potential −V (ϕ) and a viscous force −3ρ dϕdρ . This particle
travels from an initial value ϕi and ρ = 0 and reaches ϕ = 0 at ρ → ∞. The Euclidean
action (5.4) for the rotation invariant solution becomes
SE =
∫ ∞
0
2pi2ρ3 dρ
[
1
2
(
∂ϕ
∂ρ
)2
+ V (ϕ)
]
. (5.9)
The metastable vacuum decay into the true vacuum is seen as the formation of bubbles
of true vacuum surrounded by the false vacuum outside. The friction term dϕdρ is different
from zero only at the bubble wall, since the field is at rest inside and outside. The decay
rate per volume of the false vacuum, in the semi-classical approach, is of order
Γ
V
≈M−4 exp(−SE) , (5.10)
where M is some mass scale. When SE is large the barrier penetration is suppressed and
the mass scale is not important. This is the case when the energy of the true vacuum is
slightly below the energy of the false vacuum, by an amount , considered here as small as
 ∼ 10−47 GeV4. On the other hand, the potential V (ϕ) is not small between ϕ0 and ϕ±.
We will use the so-called ‘thin wall approximation’, in which ϕ is taken to be inside of
a four-dimensional sphere of large radius R. For a thin wall we can consider ρ ≈ R in this
region and since R is large we can neglect the viscous term, which is proportional to 3/R at
the wall. The action (5.9) in this approximation is
SE ' −pi
2
2
R4+ 2pi2R3S1 , (5.11)
where S1 is a surface tension, given by
S1 =
√
2
∫ ϕ+
ϕ0
dϕ
√
V , (5.12)
for small . The action (5.11) is stationary at the radius
R ' 3S1

, (5.13)
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and at the stationary point the action (5.11) becomes
SE ' 27pi
2S41
23
. (5.14)
Using the potential (5.1) into Eq. (5.12) we obtain2
S1 =
m3
λ
, (5.15)
which in turn gives the Euclidean action at the stationary point in the thin wall approxima-
tion (5.11)
SE ' 27pi
2m12
2λ43
. (5.16)
Substituting the action (5.16) into the decay rate (5.10) with  ∼ 10−47 GeV4 and the
mass scale being M ∼ 1 GeV for simplicity, we have
Γ
V
≈ exp
[
−10143
( m
GeV
)12
λ−4
]
GeV4 . (5.17)
The decay time is obtained inverting the above expression,
tdecay ≈ 10−25
{
exp
[
10143
( m
GeV
)12
λ−4
]}1/4
s . (5.18)
The expression for the decay time gives the lowest value of the mass parameter m for
which (5.18) has at least the age of the universe (1017 s). Therefore the mass parameter
should be
m & 10−12GeV , (5.19)
for λ ∼ 10−1. Thus, it is in agreement with the values for m at which the scalar potential
describes the observed vacuum energy, as discussed in the last section. The mass of the
scalar field can be smaller if the coupling λ is also smaller than 10−1. The decay rate (5.17)
is strongly suppressed for larger values of m. The bubble radius given in Eq. (5.13) for the
mass parameter (5.19) is R & 0.03 cm.
Notice that the axion would still be a possibility, although it arises in a quite different
context. We can also consider the gravitational effect in the computation of the decay rate.
In this case the new action S¯ has the Einstein-Hilbert term
M2pl
2 R, where R is the Ricci
scalar. The relation between the new action S¯ and the old one SE can be deduced using the
thin wall approximation and it gives [148]
S¯ =
SE(
1 +
(
R
2∆
)2)2 , (5.20)
where SE and R are given by Eqs. (5.14) and (5.13), respectively, in the absence of gravity,
and ∆ =
√
3Mpl√

is the value of the bubble radius when it is equal to the Schwarzschild radius
associated with the energy released by the conversion of false vacuum to true one.
For  ∼ 10−47 GeV4 we get ∆ ∼ 1027 cm, thus the gravitational correction R/∆ is very
small. Larger values of m give larger R, implying that the gravitational effect should be
taken into account. Even so, the decay rate is still highly suppressed.
2The term ϕ
6
M2
pl
is very small and can be ignored.
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5.2 A dark SU(2)R model
As an example of how the metastable dark energy can be embedded into a dark sector
model we restrict our attention to a model with SU(2)R symmetry. Both dark energy and
dark matter are doublets under SU(2)R and singlets under any other symmetry.
3 After
the spontaneous symmetry breaking by the dark Higgs field φ, the gauge bosons W+d , W
−
d
and Zd acquire the same mass given by mW = mZ = gv/2, where v is the VEV of the
dark Higgs. The dark SU(2)R model contains a dark matter candidate ψ, a dark neutrino
νd (which can be much lighter than ψ), and the dark energy doublet ϕ, which contains ϕ
0
and ϕ+, the latter being the heaviest particle. After symmetry breaking ϕ0 and ϕ+ have
different masses and both have a potential given by Eq. (5.1) plus the deviation (ϕ
†ϕ)3
M2pl
The
interaction between the fields are given by the Lagrangian
Lint = g
(
W+dµJ
+µ
dW +W
−
dµJ
−µ
dW + Z
0
dµJ
0µ
dZ
)
, (5.21)
where the currents are
J+µdW =
1√
2
[ν¯dRγ
µψR + i(ϕ
0∂µϕ¯+ − ϕ¯+∂µϕ0)] , (5.22)
J−µdW =
1√
2
[ψ¯Rγ
µνdR + i(ϕ
+∂µϕ¯0 − ϕ¯0∂µϕ+)] , (5.23)
J0µdZ =
1
2
[ν¯dRγ
µνdR − ψ¯RγµψR + i(ϕ+∂µϕ¯+ − ϕ¯+∂µϕ+)− i(ϕ0∂µϕ¯0 − ϕ¯0∂µϕ0)] .(5.24)
The currents above are very similar to the ones in the electroweak theory. The main
differences are that there is no hypercharge due to U(1)Y and there is a new doublet, given
by ϕ+ and ϕ0.
Among the interactions shown in Eq. (5.21), it is of interest to calculate the decay rate
due to the process ϕ+ → ϕ0 + ψ + νd. The three-body decay leads to a cold dark matter
particle whose mass can be accommodated to give the correct relic abundance, to a dark
neutrino which is a hot/warm dark matter particle, and to a scalar field ϕ0. Similar to
the weak interactions, we assume that the energy involved in the decay is much lower than
the mass of the gauge fields, thus the propagator of W is proportional to g2/m2W and the
currents interact at a point. We can also define
g2
8m2W
≡ Gd√
2
, (5.25)
where Gd is the dark coupling.
The Feynman diagram for the decay is shown in Fig. 5.2 and the amplitude for the decay
is
M = g
2
4m2W
(P + p1)µv(p3)γ
µ(1 + γ5)u(p2) , (5.26)
where the labels 1, 2 and 3 are used, respectively, for the particles ϕ0, ψ and νd. The energy-
momentum conservation implies that P = p1 + p2 + p3, where P is the four-momentum of
the field ϕ+ and M will be its mass.
3We assume here only interactions among the components of the dark sector, leading the possible inter-
actions with the standard model particles to a future work.
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ϕ+
ϕ0
νd
ψ
W+d
Figure 5.2: Feynman diagram for the decay ϕ+ → ϕ0 + ψ + νd.
The averaged amplitude squared for the decay ϕ+ → ϕ0 + ψ + νd is
|M|2 = 16G2d
{
2[(P + p1) · p2][(P + p1) · p3]− (P + p1)2(p2 · p3 +m2m3)
}
. (5.27)
Using the energy-momentum conservation and defining the invariants sij as sij ≡ (pi +
pj)
2 = (P − pk)2, we can reorganize the amplitude squared. The three invariants are not
independent, obeying s12 + s23 + s13 = M
2 + m21 + m
2
2 + m
2
3 from their definitions and the
energy-momentum conservation. With all these steps we eliminate s13 and get
|M|2 = 16G2d[−2s212 − 2s12s23 + 2(M2 +m21 +m22 +m33)s12 + (m2+m3)
2
2 s23
−2m2m3(M2 +m21)− 2m21M2 − 2m22(m21 +m22)− (m2+m3)
2
2 ] . (5.28)
The decay rate can be evaluated from [149]
dΓ =
1
(2pi)3
1
32M3
|M|2ds12ds23 , (5.29)
where for a given value of s12, the range of s23 is determined by its values when ~p2 is parallel
or antiparallel to ~p3
(s23)max = (E
∗
2 + E
∗
3)
2 −
(√
E∗22 −m22 −
√
E∗23 −m23
)2
, (5.30)
(s23)min = (E
∗
2 + E
∗
3)
2 −
(√
E∗22 −m22 +
√
E∗23 −m23
)2
. (5.31)
The energies E∗2 = (s12 −m21 +m22)/(2
√
s12) and E
∗
3 = (M − s12 −m23)/(2
√
s12) are the
energies of particles 2 and 3 in the s12 rest frame [149]. The invariant s12, in turn, has the
limits
(s12)max = (M −m3)2, (s12)min = (m1 +m2)2 . (5.32)
The plot of the kinetic limits of s12 and s23 is shown in Fig. 5.3 and it is called Dalitz
plot.
With the limits for s12 (5.32) and for s23 (5.30)–(5.31) and with the amplitude squared
(5.28) we can integrate Eq. (5.29) for different values of masses, in order to get the decay
time tdec.
The plot of dΓ as a function of s12 is shown in Fig. 5.4 and the decay rate Γ is the
area under the curve. For illustrative purposes, we set the mass of the particles as being
M = 1000 GeV, m1 = 1 MeV, m2 = 100 GeV and m3 = 0 GeV. With these values of
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Figure 5.3: Dalitz plot for the s12 and s23 limits (5.30), (5.31) and (5.32). The region limited by the
curves is kinetically allowed . We used M = 1000 GeV, m1 = 1 MeV, m2 = 100 GeV, m3 = 0 and
Gd ∼ 10−27 GeV−2.
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Figure 5.4: Differential decay rate dΓ (5.29) as a function of s12 for M = 1000 GeV, m1 = 1 MeV,
m2 = 100 GeV, m3 = 0 and Gd ∼ 10−27 GeV−2.
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masses, the decay time is of the order of the age of the universe (1017s) with Gd ∼ 10−27
GeV−2, while with Gd ∼ 10−26 GeV−2 the decay time is tdec ∼ 1015s. If g is for instance
of the same order of the fine-structure constant, the gauge bosons W±d and Zd have masses
around 1011 GeV in order to the decay time to be 1015s. Such decay times are compatible
with phenomenological models of interacting dark energy, where the coupling is proportional
to the Hubble rate [47, 150]. In addition, depending on the values of the free parameters,
the mass of the gauge bosons can be of the same order of the grand unified theories scale.
5.3 Summary
In this chapter we presented a model of metastable dark energy, in which the dark energy
is a scalar field with a potential given by a sum of even self-interactions up to order six. The
parameters of the model can be adjusted in such a way that the difference between the
energy of the true vacuum and the energy of the false one is around 10−47 GeV4. The decay
of the false vacuum to the true one is highly suppressed, thus the metastable dark energy
can explain the current accelerated expansion of the universe. We do not need a very tiny
mass for the scalar field (as it happens for some models of quintessence), in order to get the
observed value of the vacuum energy.
The metastable dark energy can be inserted into a more sophisticated model for the dark
sector. In this paper we restricted our attention to a Lagrangian invariant under SU(2)R
(before the spontaneous symmetry breaking by the dark Higgs), in which the dark energy
doublet and the dark matter doublet naturally interact with each other. The decay of the
heaviest particle of the dark energy doublet into the three daughters (dark energy particle,
cold and hot dark matter) was calculated and the decay time can be as long as the age
of the universe, if the mediator is massive enough. Such a decay shows a different form of
interaction between dark matter and dark energy, and the model opens a new window to
investigate the dark sector from the point-of-view of particle physics.
Chapter 6
Final remarks
This thesis explored models of the dark sector, in which the dark energy is described by
some candidates other than the conventional cosmological constant. Scalar fields (real or
complex) were mostly used in the models, although a vector field was taken into account as
well. The two components of the dark sector were assumed to interact with each other, in
different contexts. Equipped with the dynamical system theory we analyzed the asymptotic
states of some cosmological models, in which the dark energy was either scalar fields or a
vector field. Scalar fields were also used as candidates to explain the accelerated expansion
of the universe using minimal supergravity. Finally, we proposed a model of metastable dark
energy and we inserted it in a dark SU(2)R model, in which the dark energy and dark matter
doublets naturally interact with each other.
The results presented here can be extended in several different directions. The dynamical
system theory has shown itself to be a good tool to analyze asymptotic states of cosmological
models and we have studied other couplings in [85]. In addition, we obtained an analytic
formula for the growth rate of structures in a coupled dark energy model in which the
exchange of energy-momentum is proportional to the dark energy density [48].
The dark SU(2)R model opens a new window to investigate the whole dark sector from
the point-of-view of particle physics. We started attacking this issue here and a natural
evolution is to build extensions of the Standard Model. Furthermore, as part of an extended
Standard Model, it may be expected that a grand unified theory contains the dark SU(2)R.

Appendix A
Notations and Conventions
We use Planck units ~ = c = 8piG = kB = 1 unless where is explicitly written. The
FLRW metric has signature (−,+, . . . ,+) and the universe is flat. Weyl spinor indices are
the first part of Greek symbols (α, β, . . ., α˙, β˙, . . .), run from one to two and are implicit.
Second part of Greek symbols (µ, ν, ρ, . . .) indicate Lorentz elements, and in four dimension
they run from 0 to 3.
Generalized Pauli matrices are
σ0 =
(−1 0
0 −1
)
σ2 =
(
0 −i
i 0
) σ1 =
(
0 1
1 0
)
σ3 =
(
1 0
0 −1
) (A.1)
and the generators of the Lorentz group are written in terms of (A.1) by
σµνα
β ≡ 1
4
(σαα˙
µσ¯να˙β − σαα˙ν σ¯µα˙β)
σ¯µνα˙β˙ ≡
1
4
(σ¯µαα˙σαβ˙
ν − σ¯ναα˙σαβ˙µ) ,
(A.2)
where σ¯µ = (σ0,−σi). Gamma matrices in the Weyl basis are
γµ =
(
0 σµ
σ¯µ 0
)
, (A.3)
and γ5 is defined as
γ5 = iγ
0γ1γ2γ3 . (A.4)
Majorana spinors contain one Weyl spinor
ΨM =
(
χα
χ¯α˙
)
. (A.5)
Gravitino is written in the following way
Ψµ =
(
ψµα
ψ¯µ
α˙
)
, Ψ¯µ =
(
ψµα ψ¯µ
α˙
)
. (A.6)
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